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This paper presents estimated water-column and seabed parameters and uncertainties for a

shallow-water site in the Chukchi Sea, Alaska, from trans-dimensional Bayesian inversion of the

dispersion of water-column acoustic modes. Pulse waveforms were recorded at a single ocean-

bottom hydrophone from a small, ship-towed airgun array during a seismic survey. A warping

dispersion time-frequency analysis is used to extract relative mode arrival times as a function of

frequency for source-receiver ranges of 3 and 4 km which are inverted for the water sound-speed

profile (SSP) and subbottom geoacoustic properties. The SSP is modeled using an unknown

number of sound-speed/depth nodes. The subbottom is modeled using an unknown number of

homogeneous layers with unknown thickness, sound speed, and density, overlying a halfspace. A

reversible-jump Markov-chain Monte Carlo algorithm samples the model parameterization in

terms of the number of water-column nodes and subbottom interfaces that can be resolved by

the data. The estimated SSP agrees well with a measured profile, and seafloor sound speed is

consistent with an independent headwave arrival-time analysis. Environmental properties are

required to model sound propagation in the Chukchi Sea for estimating sound exposure levels and

environmental research associated with marine mammal localization.
VC 2015 Acoustical Society of America. [http://dx.doi.org/10.1121/1.4921284]
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I. INTRODUCTION

Knowledge of ocean sound-speed profiles (SSP) and

seabed geoacoustic properties is required for the accurate

prediction of underwater sound propagation, such as used for

marine mammal noise impact assessments and for sonar-

performance studies. For long-range propagation in shallow

water, the geoacoustic properties are particularly important

because of numerous interactions with the bottom. Low fre-

quencies are more sensitive to deep subbottom structure and

large-scale SSP features. High frequencies do not penetrate

the subbottom as deeply but are more sensitive to finer-scale

SSP features. These environmental dependencies mean

measurements of broadband sound contain substantial infor-

mation about the environment.

In range-independent shallow-water environments,

long-range sound propagation is well modeled with normal-

mode theory.1 The environment acts as a dispersive wave-

guide which supports a limited number of propagating

modes, with the modal group speeds directly dependent on

the environment. The frequency-dependence of mode arrival

times (i.e., modal dispersion) can be used as data in an envi-

ronmental inversion if the source-receiver range is known.

Dispersion measurements can be made using a single

hydrophone; however, resolving mode arrival times in the

time-frequency (TF) plane is dependent on the difference in

modal group speeds, source-receiver range, and the signal

processing techniques applied. At long ranges, modes are

well separated in time and arrival times can be determined

from a spectrogram; however, there is more opportunity for

environmental range-dependence to affect arrival times.

Also, higher attenuation for higher-order modes degrades

environmental information contained in long-range data.

Short-range measurements are less susceptible to range-

dependent effects and have higher bandwidth but TF resolu-

tion limitations can degrade estimates of mode arrival times.

Recent studies have used mode-warping techniques to

improve the TF resolution of modal arrival times for close-

range dispersion measurements2–6 and this approach is used

here. Fourier series or variations thereof7 are then used for

the TF representations but the inherent side lobes (leakage)

from Fourier transforms means that correlated errors can

exist between arrival times for adjacent frequencies. These

correlations should be taken into account in an inversion

algorithm.

Environmental inversion of modal dispersion data has

been carried out for several types of impulsive sour-

ces.2,3,6–10 These studies have either used prior knowledge

or the Bayesian information criterion (BIC) to determine the

subbottom layering parameterization (i.e., the number of

layers). Parameterization is important because having too

few layers under-parameterizes the model and under-fits
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the data, potentially leaving structure unresolved and

under-estimating uncertainties. Conversely, too many layers

over-parameterizes the model and overfits data, allowing

spurious unconstrained structure and over-estimating uncer-

tainties. Prior knowledge of the layering structure (e.g., from

a core or high-resolution seismic survey), even if accurate,

may not be appropriate if the resolution of the dispersion

data is not consistent with that of the prior information. The

BIC estimates the most appropriate parameterization (given

strong assumptions), but because it is a point estimate,

parameter uncertainties may be underestimated. This paper

uses a trans-dimensional11–14 (trans-D) Bayesian inversion

approach for subbottom layering that allows the information

content of the data to determine how much subbottom struc-

ture can be resolved. The trans-D algorithm samples proba-

balistically over possible parameterizations, and model

parameter uncertainties include the uncertainty in parameter-

ization. The geoacoustic model consists of an unknown num-

ber of homogeneous layers defined by interface depths,

sound speeds, and densities overlying a halfspace.

The same concerns for parameterization apply to the

SSP. Several studies have inverted for the SSP using empiri-

cal orthogonal functions calculated from existing SSP meas-

urements for the location.8,9 This method simplifies the

inversion in that only a small number (e.g., 2 or 3) coeffi-

cients of SSP eigenfunctions are inverted for instead of the

sound speed at a series of depths; however, the eigenfunc-

tions must be calculated from a comprehensive SSP data

base which may not be available for all environments.

Another approach is to assume a fixed number of nodes

defining the SSP but this requires a priori knowledge of an

appropriate number of nodes which may not be available.

Given the above limitations, an alternative and more general

approach to estimating the SSP is developed for this study.

The SSP is modeled in terms of a set of depth/sound-speed

nodes, with the profile interpolated from these nodes as 1=c2
w

linear gradients (cw is water sound speed). The number of

nodes is sampled probabilistically with a trans-D algorithm

so the data estimate how much SSP structure can be

resolved. The node at the base of the SSP determines the

water depth and sound speed at the seafloor, coupling the

two trans-D stacks (SSP and subbottom). To our knowledge,

trans-D inversion has not been previously applied to modal

dispersion inversion.

Previous Bayesian modal-dispersion work6 has taken

error correlations into account using a fixed (point) estimate

of the data covariance matrix from residual analysis.

However, for trans-D models this assumes that the parame-

terization used for the point estimate is representative for the

trans-D posterior which is difficult to assess and may not be

sufficient for measured data. In this paper, we use a trans-D

first-order auto-regressive [AR(1)] error model to account

for potential residual error correlations.15

The Bayesian approach applied here quantifies model

parameter uncertainties and the trans-D formulation for the

SSP and geoacoustic profile accounts for the uncertainty in

the environmental parameterization. The trans-D auto-

regressive error model accounts for residual error correla-

tions without overparameterizing the error model when

correlations are weak or absent. This approach reduces sub-

jective choices in determining appropriate model

parameterizations.

The trans-D Bayesian inversion is applied to acoustic

data collected using autonomous ocean-bottom hydrophone

(OBH) recorders that were part of an underwater sound

measurement program in the Chukchi Sea, approximately

140 km offshore the northwest coast of Alaska.16 The pro-

gram was originally designed to determine distances to

specific sound level thresholds from an airgun array used in

seismic surveys to assess shallow hazards to drilling opera-

tions (e.g., near-surface gas) by Shell Oil Company. In addi-

tion to fulfilling the program objectives, the acoustic

recordings of airgun pulses were found to be well suited for

environmental inversion. This location is of significant inter-

est because of potential hydrocarbon deposits and the pres-

ence of large numbers of marine mammals (e.g., bowhead

whales, beluga, walrus, and several species of seals are com-

monly observed here). To our knowledge, there are no

published geoacoustic properties to sufficient depth to accu-

rately model low-frequency sound propagation at this loca-

tion (surficial sediments are a mixture of sand, silt, and

clay17,18 but sediment properties can change dramatically

with depth). One of the goals of this paper is therefore to

estimate site-specific environmental properties that can be

used in future work to predict sound propagation for estimat-

ing sound exposure levels as a function of range and for

marine-mammal localization to help understand animal

behavior and mitigate anthropogenic effects on the animals.

II. THEORY

A. Data processing

Small synchronously fired airgun arrays produce low-

frequency (below �500 Hz) impulsive sounds of durations

short enough that all frequencies can be modeled as being

emitted at the same instant for the purposes of analyzing dis-

persion measurements. The propagation of airgun pulses can

be modeled using normal-mode theory.1 Modes propagate

with different group speeds that are dependent on the envi-

ronment, i.e., water-column SSP and geoacoustic properties

of the subbottom. The group speeds can be calculated using

a normal-mode model.19 The arrival time of mode m at

frequency f for pulse p at a recorder at range r is

tmp fð Þ ¼ sp þ
rp

vm fð Þ ; (1)

where sp is the pulse time and vm(f) is the group speed. For

this paper, we analyze multiple pulses where the inter-pulse

distance is fixed and known, i.e., rpþ1�rp¼Dr 8 p.
The modal arrival times as a function of frequency can

be determined from the TF representations of a pulse

recorded at a single hydrophone. Previous studies have used

a mode warping technique to improve the modal TF resolu-

tion from impulsive sources such as imploding light bulbs or

explosive charges measured at close range.2–6 Mode warping

is a nonlinear resampling technique that transforms disper-

sive modes into constant-frequency tones. A band-pass filter
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can then be used to isolate individual modes and the filtered

signal transformed back into the time domain.

A signal p(t) is transformed to the warped time domain as

qðwÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
jw0ðtÞj

p
p½wðtÞ�; (2)

where w(t) is the warping function with time derivative w0(t)
and q(w) is the warped signal. The warped signal can be

unwarped by using Eq. (2) with w�1(t) as the warping func-

tion and q(w) as the signal. For an isospeed waveguide with

rigid bottom and free surface, the warping function for dis-

persive modes is20

wðtÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t2 þ ðr=cwÞ2;

q
(3)

where r is the range and cw is the water sound speed. This

warping function was found suitable for low-frequency

modes in several shallow-water environments despite viola-

tions of the ideal waveguide assumption.2–6 A suitable value

for the ratio r/cw can be determined empirically by observing

when modes become constant-frequency tones in a spectro-

gram of q. The warped pulse is filtered for each of M modes

and unwarped, resulting in M mono-component signals

pm(t). Figure 1 illustrates this procedure for the recording of

an airgun pulse at 4 km range (described in Sec. V).

For each filtered mode, a spectrogram is computed using

a Hanning window with 99% overlap (Fig. 1 considers a

8192-point window for data sampled at 48 kHz). The mode

arrival times are set to the time of maximum energy at each

frequency. The bandwidth of each mode is limited by the

environment in terms of the mode cutoff at low frequencies

and modal attenuation at high frequencies. Near modal

cutoff, the dispersion curves tail back around the slower airy

phase but the spectrogram resolution for these rapid TF

changes is poor. In addition, the modal amplitude changes

rapidly near the cutoff frequency which can bias the arrival-

time estimate. Lower-frequency data are therefore limited

to frequencies above the inflection point of the time vs fre-

quency curve. Modes at high frequencies arrive closely

spaced in time due to their more similar modal group speeds.

The spectrogram is not good at resolving such signals, so

the modes are truncated if the arrival time for successive fre-

quencies fall into the same time window.

B. Bayesian Inversion

The picks of arrival time vs frequency indicated on Figs.

1(d)–1(g) represent acoustic data which can be inverted for

environmental parameters. The inversion carried out in this

paper uses a trans-D Bayesian formulation21,22 which is

FIG. 1. (Color online) Example of

warping TF analysis. (a) Measured air-

gun pulse waveform at 4 km range. (b)

Unfiltered spectrogram. (c) Warped

spectrogram showing four warped

modes as approximate constant-

frequency tones. (d)–(g) Filtered spec-

trograms with data picks (�) for modes

1–4, respectively. Note that higher-

order modes are resolved to higher fre-

quency than possible in the unfiltered

spectrogram.
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briefly described here; a more detailed formulation is pro-

vided in the Appendix. The environmental model consists of

a water column with unknown depth and SSP over a seabed

consisting of an unknown number of homogeneous fluid

layers (each layer characterized by thickness, sound speed,

and density) overlying a fluid halfspace of unknown geoa-

coustic parameters. Mode group speeds are calculated for an

environmental model using the normal-mode code ORCA19

and are converted to predicted modal arrival times using

pulse time and range [Eq. (1)]. In a Bayesian formulation the

solution is given by properties of the posterior probability

density (PPD) of the model parameters given the measured

data and prior information. A reversible-jump Markov-chain

Monte Carlo algorithm is applied to sample the PPD over a

trans-D model space in which the number of SSP nodes and

seabed layers can change by probabilistically accepting tran-

sitions between model parameters/parameterizations accord-

ing to the Metropolis-Hastings-Green criterion.12 Model

transitions to higher dimensions (increased number of nodes

or layers) are proposed from the prior rather than restricted

to small perturbations to the current model to increase transi-

tion acceptance rate.22 The transition acceptance probability

depends on the prior, proposal, and likelihood ratios, with

the likelihood defined by the assumption of Gaussian-

distributed errors with unknown standard deviation and a

trans-D autoregressive process to represent possible error

correlations15 over frequency for each mode of each pulse

(see the Appendix). Uniform prior bounds are used for all

model parameters, with an additional joint prior that con-

strains subbottom sound speed and density to physically

realistic combinations.23,24 The Markov-chain samples over

the number and parameters of SSP nodes, subbottom layers,

and autoregressive coefficients to estimate the trans-D PPD.

III. SIMULATION STUDY

This section illustrates and verifies the data analysis and

inversion methodologies in a realistic simulation study. The

environmental model for the simulation has five subbottom

interfaces and four water-column SSP nodes. The true

parameter values and the bounds of the uniform prior distri-

butions assumed for all parameters are listed in Table I, and

the joint prior distribution for subbottom sound speed and

density is described in the Appendix. Mode arrival times

(the observed synthetic data) were generated in two ways to

produce two simulated datasets to compare inversion results.

First, data were simulated using Eq. (1) with exact modal

group speeds calculated by the normal-mode code ORCA,19

i.e., we bypassed the TF data-processing step of identifying

mode arrival times (Sec. II A). Gaussian-distributed errors

were added to the synthetic data with standard deviations

that were constant over frequency but varied between modes

and between pulses from 2 to 4 ms, as given in Table II. The

second dataset was created to represent a more realistic sim-

ulation that requires TF analysis to identify mode arrival

times. Synthetic acoustic waveforms (time series) were mod-

eled using Fourier synthesis of frequency-domain responses

computed using ORCA from 5 to 500 Hz with 1-Hz fre-

quency spacing. Two waveforms (A and B) for receivers at

3- and 4-km range at 3 m above the seafloor were computed

assuming an impulse source function at time s¼ 0 and 2-m

source depth. Mode arrival times were determined as

described in Sec. II A for five modes in each pulse and were

limited to an upper frequency bound of 300 Hz. Random

errors were not added to the picked data so the inversion

results illustrate uncertainties resulting only from data proc-

essing limitations, which we believe are a major component

of the errors for measured data. In practice, ambient noise

may also contaminate mode arrivals; however, mode arrivals

that have low signal-to-noise ratios can be discarded from

the inversion during data processing. We refer to the first

and second datasets as the Gaussian and picked datasets,

respectively. For comparison with the Gaussian dataset error

statistics, residuals were computed from the difference

between the exact (theoretical, noise-free) times and the

picked dataset. The resulting standard deviations are listed

for each pulse and mode in Table II. The Gaussian dataset

was limited to the same modes and frequencies that were

resolved using the data processing method on the picked

dataset so the data information content is similar between

datasets.

Inversions were performed on the two synthetic datasets

with approximately 600 000 samples drawn from the PPD

via the trans-D Bayesian inversion described in Sec. II and

the Appendix. Fixed-length chain thinning25 (described in

Appendix Sec. 1) restricted the number of samples that were

saved to 250 000, and saved samples that survived the fixed-

length thinning process from the first 100 000 samples were

TABLE I. Model parameter values and prior bounds for the simulations.

Note that subbottom sound speed and density were further constrained by
the joint prior bound (see Appendix Sec. 3).

Parameter Unit True value(s) Prior

cw at surface m/s 1447 [1439,1455]

cw at seafloor m/s 1440 [1439,1455]

Water depth zb m 41 [38,45]

Number of SSP nodes — 4 [0,15]

SSP node depths m [12.85,15,24,31] [0,zb]

SSP node cw m/s [1447,1442,1453,1440] [1439,1455]

Number of subbottom

interfaces

— 5 [0,10]

Interface depths m [2,5,10,20,40] [0,50]

Layer speed cb m/s [1465,1555,1605,1730,2200] [1460,2500]

Basement cb m/s 2300 [1460,2500]

Layer density q g/cm3 [1.49,1.77,1.87,2.06,2.2] [1.3,2.5]

Basement q g/cm3 2.3 [1.3,2.5]

Pulse A range m 3000 [2950,3050]

Pulse A time s 0 [�1, 1]

Pulse B time s 0 [�1, 1]

TABLE II. Error and residual standard deviations for the simulation with

Gaussian (rG) and picked (rp) datasets, respectively.

Pulse 1 1 1 1 1 2 2 2 2 2

Mode 1 2 3 4 5 1 2 3 4 5

rG (ms) 2.0 3.0 4.0 4.0 4.0 2.0 3.0 4.0 4.0 4.0

rp (ms) 3.0 3.2 4.1 4.3 5.6 2.1 3.2 4.0 1.9 4.8
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discarded as burn-in. Both inversions produced approxi-

mately Gaussian-distributed data residuals (not shown).

Figure 2 shows the resulting marginal probability profiles for

the SSP and geoacoustic parameters for the two datasets.

These profiles are normalized independently at each depth to

more clearly illustrate the range of values, and the corre-

sponding probability ratio profiles to the right of the mar-

ginal profiles indicate the relative scaling. This figure also

shows the marginal profiles for the SSP-node and

subbottom-interface depths. The SSP distributions near

the bottom of the water column are not smooth because the

water-depth distributions (discussed below) constrain the

available depths of SSP nodes. The estimated SSP for

the Gaussian dataset is in excellent agreement with the true

profile (dashed line) with reasonably small uncertainties. For

the picked dataset, the estimated SSP agrees closely with the

true profile between 10- and 35-m depth. The speeds near

the surface and bottom are somewhat overestimated; these

discrepancies are discussed later in this section.

The geoacoustic probability profiles agree well with the

larger scale features of the true profile, although some small-

scale features (e.g., layers as thin as 2 m) cannot be resolved

by the data and are averaged in the inversion results. For the

Gaussian dataset, the inversion resolves two layers above a

halfspace and effectively averages the properties of the first

three layers. Three layers are resolved above a halfspace for

FIG. 2. (Color online) Marginal probability profiles for water SSP and bottom sound speed and density, together with their corresponding node/interface depth

profiles and depth normalization profiles. Top and bottom panels show results from inverting exact dispersion calculations with additive Gaussian noise and from

data picked from synthetic waveforms (but no additive noise), respectively. Plot bounds are the prior bounds for SSP and geoacoustic parameters, though subbottom

sound speed and density are further constrained by a joint prior distribution (see the Appendix). True parameter values are shown with dashed lines.
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the picked dataset. The shallowest layer is estimated to be

somewhat too thick, and the three deeper layers are effec-

tively averaged. The uncertainty in the profiles increases

with depth and around layer interfaces for each dataset. The

increase in uncertainty with depth is due to the mode

functions decaying exponentially into the seabed which

decreases the data sensitivity to deeper structure (considered

further in Sec. V).

The inversion of the Gaussian dataset accurately

resolved the environmental profiles and did not introduce

any spurious structure. Discrepancies between the true and

estimated profiles are due to the noise (Gaussian errors) and

the limited resolution of the data. For the picked dataset, the

inversion has higher subbottom resolution but introduces

spurious SSP structure near the seafloor. We attribute the

SSP discrepancies to errors resulting from the inherent limi-

tations of the data processing method. Such errors may not

occur for all modal dispersion data, but these discrepancies

indicate the possibility even when residuals appear Gaussian

distributed. Since data processing is required in all practical

cases, for the remainder of this section, we only consider the

picked dataset results.

Figure 3 shows the marginal distributions of the number

of subbottom interfaces and SSP nodes sampled in the inver-

sion. The most-probable number of interfaces is three, which

again indicates that the data cannot resolve all five interfa-

ces. The most-probable number of SSP nodes is six which

overestimates the true number of nodes (4) and may be

related to the spurious SSP structure in Fig. 2 (bottom).

Figure 4 shows the marginal probability densities for

pulse times, ranges, and water depth (note that pulse B range

is not an estimated parameter as it is fixed at 1 km larger than

pulse A range for the simulation). The marginal distribution

for pulse A range is essentially flat within the prior bounds

indicating the data are not able to constrain this parameter.

The pulse times are constrained well within their prior bounds

of [�1, 1] s. The joint marginal distribution between pulse A

range and time indicates these parameters are strongly (nega-

tively) correlated. Hence, the prior bounds on source range

play an important role in constraining source times. The

absolute value of the reciprocal slope of the joint distribution,

approximately 1409 m/s, represents the average modal group

speed weighted by the mode standard deviations. The water

depth is resolved well within the prior bounds, restricting the

SSP node depth distribution and decreasing the SSP probabil-

ity ratio near the seafloor (Fig. 2).

The fit to the data achieved in the inversion is shown in

Fig. 5. The relative arrival times from the mode-filtered

spectrograms (picked data) are shown with� symbols; mar-

ginal densities of the relative predicted arrival times, calcu-

lated from a random sample of 5000 models from the PPD,

are shown as grey-scale bars (sometimes quite thin verti-

cally), and the (error-free) theoretical relative arrival times

calculated from Eq. (1) are shown with solid lines. Each

marginal density is normalized individually for display pur-

poses. The inversion sampled models that produce predicted

times in excellent agreement with the picked times (i.e., the

data that were inverted) but have worse agreement with the

theoretical (true) times due to some correlated errors

between the picked and theoretical times from data process-

ing (e.g., mode 5). Figure 6 shows the error statistics for

each mode and pulse, i.e., the marginal densities of the resid-

ual standard deviations, the fraction of time for which the

AR process was required, and the marginal distributions of

the AR parameters when the AR process was required. The

peaks of the residual standard-deviation densities are gener-

ally slightly less than the standard deviations between exact

and picked data given in Table II. The inversion required the

AR process to be in effect for 30%–70% of the samples,

depending on the mode. These results show that the data

processing method can result in errors which have both cor-

related and uncorrelated components.

IV. CHUKCHI SEA SURVEY

Underwater recordings of airgun array pulses were col-

lected 16 August 2009 during a seismic survey in the

Chukchi Sea, AK, designed to assess shallow hazards for

seabed drilling.16 The recordings were made using two

ocean-bottom hydrophone (OBH) recorders sampling at

48 kHz, each equipped with two hydrophones: Reson

TC4043 (nominal sensitivity �201 dB re 1 V/lPa) and

Reson TC4032 (nominal sensitivity �166 dB re 1 V/lPa).

The OBHs were deployed 200 and 1000 m off a survey line

from the survey vessel RV Mt. Mitchell, and the deployment

locations of the OBHs were recorded using a handheld

global positioning system (GPS) at 71�17.4390N,

163�38.1150W and 71�17.4700N, 163�39.4360W, with water

depth measured using the ship’s onboard echosounder at

approximately 41 m. The bottom at this site is known to be

very flat with seafloor slope on the order of 0.01%.

The source array consisted of four 10 in.3 airguns

arranged in a 1-m long by 0.6-m wide rectangle which was

towed at 2-m depth approximately 47 m behind the RV Mt.
Mitchell. The airguns were fired synchronously every 15 m

along a 25-km survey line. Airgun pulses were measured at

ranges from 200 m to 20 km as the source was towed past the

recorders. The RV Mt. Mitchell logged its coordinates every

second along the survey line, which were then translated into

FIG. 3. Probability distributions for the (top) number of subbottom interfa-

ces and (bottom) SSP nodes for the picked-data simulation. True values are

shown with dashed lines.
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source coordinates of the airgun array by shifting the ship

track by the tow distance.

The data used for the inversion were from pulses emit-

ted south of the OBHs recorded on the more sensitive hydro-

phone of the 200-m offset recorder. Two pulses, A and B,

spaced 66 pulses apart (i.e., Dr¼ 15 m� 66¼ 990 m) were

used for the inversion. The range for pulse A was 2978 m

according to GPS records, but to account for uncertainty in

the OBH deployment position and airgun coordinates, this

range is treated as an unknown parameter in the inversion

with prior bounds 6 50 m from the estimated range.

Knowing the 990-m pulse spacing between pulses A and B,

the range for pulse B was set for each model based on the

range for pulse A. These pulses were selected because the

ranges are long enough that modal dispersion is easily meas-

ured, but not so long that higher-order modes are strongly

attenuated or that potential environmental range-dependent

FIG. 4. Marginal probability densities

for pulse range, time, and water depth

for the picked-data simulation. True

values are shown with dashed lines.

Pulse time axes are restricted within

their prior distributions; all other axes

ranges indicate prior bounds.

FIG. 5. (Color online) Mode relative arrival times for the two simulated

pulses calculated from a random sample of models from the PPD (grey-scale

distributions sometimes quite thin), the arrival times picked from the syn-

thetic pulses (�), and the true (error-free) arrival times (solid lines).

FIG. 6. Error statistics for modes in simulated (left) pulse A and (right)

pulse B. Residual standard deviations, fraction of time the AR process was

required (or “on”), and AR coefficient values are shown in the top, middle,

and bottom panels, respectively.
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effects accumulate and violate the range-independent

assumption. Accurate pulse times ss are not known because

OBH clock drift desynchronized the pulse logs with the

acoustic recordings. Pulse times are therefore treated as

inversion parameters with prior bounds [�3, 0] and [�4, 0] s

for pulses A and B, respectively, to allow physically realistic

pulse times. Prior bounds other than for range and time are

identical to those in Table I. Relative arrival times were

picked as described in Sec. II A for 5 and 4 modes in pulses

A and B, respectively. Modes were required to have arrival

times for at least ten frequencies to estimate meaningful

residual error statistics (see the Appendix). Within hours of

the acoustic measurements, a conductivity-temperature-

depth (CTD) cast was conducted 5.7 km north of the recorder

site. Since the water-column conditions are expected to be

quite stable in this region, the SSP calculated from the CTD

cast provides reasonable “ground-truth” to compare with the

SSP inversion results.

V. RESULTS

The trans-D Bayesian inversion was applied to the

measured data in a manner similar to that described for the

simulation study with approximately the same number of

models sampled from the PPD. Figure 7 shows the marginal

profile densities for the SSP and geoacoustic parameters.

Similar to the simulation study, the SSP distribution near the

seafloor is not smooth because the water depth distribution

constrains the available depths of SSP nodes. The measured

SSP (solid line overtop the corresponding distribution)

shows a well-mixed (iso-speed) surface layer from 0 to 12 m

and a second slower mixed-layer from 30 to 40 m, reaching

the seafloor. Between these layers, the high sound speed

from 17 to 30 m is likely due to a warm-water intrusion from

the Bearing Sea, which is a common feature of the Chukchi

Sea in August.26 The SSP inversion result is in excellent

agreement with the measured profile, closely tracking the

depth-dependent structure with reasonably small uncertain-

ties. Although the SSP marginal profile clearly resolves the

structure of the measured SSP, the node-depth distribution

is relatively uninformative. The marginal profiles for

subbottom sound speed and density indicate well-resolved,

near-constant values for an upper sediment layer which has

relatively low density for its sound speed, although these

parameter values are consistent with empirical studies.23 The

most probable interface depth is 14.6 mbsf, below which

there is little resolved structure. The 95% credibility interval

for interface depth is [11.6, 19.2] mbsf for single-interface

models (credibility interval for interface depth for all models

does not accurately quantify the dominant interface depth

uncertainty because the distribution has heavy tails from

other interfaces). The halfspace sound speed and density are

not well constrained by the data.

Figure 8 shows the marginal distributions for the num-

ber of subbottom interfaces and SSP nodes. The most proba-

ble number of subbottom interfaces is one, supporting a

single subbottom layer over a halfspace model. The most

probable number of SSP nodes is six but the distribution is

wider than for seabed interfaces.

Figure 9 shows the marginal probability densities for

pulse times, range, and water depth. Similar to the simula-

tion study, the marginal distribution for pulse-A range is

essentially the prior distribution. Pulse times are constrained

well within their prior bounds. The slope of the joint distri-

bution between pulse-A range and time corresponds to an

average modal group speed of approximately 1428 m/s. The

95% credibility interval for water depth is [41.6, 43.3] m.

The water depth at the OBH deployment site was measured

FIG. 7. (Color online) Marginal probability profiles for water SSP and bottom sound speed and density, together with their corresponding node/interface depth

profiles and depth normalization profiles. The solid line in the second panel shows the SSP measured 5.7 km from the OBH. Plot bounds are the prior bounds

for SSP and geoacoustic parameters, though subbottom sound speed and density have been further constrained by a joint prior distribution (see the Appendix).
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with an echosounder to be 41 m which is just outside this

interval. The discrepancy may be due to the vessel’s draft

not being taken into account for the water depth measure-

ment (unfortunately this is unknown) or poor echosounder

calibration. Water depth measurements in subsequent years

near the measurement site were around 43 m. Bathymetric

effects are not likely to be significant since the bottom is so

flat at the study location; tides are also not significant at this

location.

The fit to the data is shown in Fig. 10. The relative ar-

rival times from the mode-filtered spectrograms (picked

data) are shown with� symbols and marginal densities of

the relative arrival times, calculated from a random sample

of 5000 models from the PPD, are shown in grey-scale.

There is generally good agreement for all modes, frequen-

cies, and pulses, with some indication of correlated errors.

Figure 11 shows the error statistics for each mode and pulse

in the same format as presented earlier. The residual stand-

ard deviations generally increase with mode number. This

may be due to higher-order modes being more sensitive to

finer scale environmental features that are less likely to be

fully range independent. The AR process was required more

often for higher-order modes and the AR coefficient a was

generally positively correlated with the fraction of time the

AR process was required. The standardized total residuals

[Eq. (A4)] from the same sample of models used for Fig. 10

were examined (not shown here) to check the validity of the

error model assumptions and found to be approximately

Gaussian distributed with zero mean and unit standard devia-

tion and had little autocorrelation between adjacent frequen-

cies of each mode.

The marginal probability profiles for environmental pa-

rameters (Fig. 7) indicate the sensitivity in terms of the dis-

tribution widths; however, it can also be insightful and

complementary to investigate environmental sensitivity from

a forward-modeling perspective. Figure 12 shows the mode

functions and transmission loss (TL) computed for the envi-

ronmental model with highest likelihood from PPD samples

collected in the inversion. This model has six SSP nodes,

42 m water depth, and one subbottom layer with thickness

14.5 m, sound speed 1630 m/s, and density 1.45 g/cm3. The

halfspace sound speed and density are 2384 m/s and

2.32 g/cm3, respectively. The mode functions are shown for

the lowest and highest frequencies from each picked mode.

TL was computed assuming uniform sediment attenuation of

0.1 dB per wavelength and a point source at 2 m depth (the

airgun depth). The water depth and subbottom interface are

shown on the plots as horizontal lines. The mode functions

show good subbottom penetration into the first �15 m of

sediment, with lower frequencies penetrating deeper than

higher frequencies. For the same frequency, higher-order

modes penetrate deeper than lower-order modes (e.g., see

FIG. 8. Probability distributions of the number of (top) subbottom interfaces

and (bottom) SSP nodes.

FIG. 9. Marginal probability densities

for pulse range, time, and water depth

for Chukchi Sea data. Pulse time axes

are restricted within their prior distri-

butions; all other axes ranges indicate

prior bounds.
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the mode functions for the highest and lowest frequencies of

modes 1 and 4, respectively, which are both for 128.9 Hz).

Mode functions do not penetrate the halfspace well, which is

consistent with the large uncertainties on estimated halfspace

parameters. SSP resolution is more closely related to the

mode function wavelength than the acoustic wavelength,

i.e., higher-order modes are more important than higher

frequencies for resolving finer-scale SSP features. It is also

interesting to note that near the seafloor is an ideal depth for

making dispersion measurements as all of the mode func-

tions have relatively high amplitudes at this depth (a hydro-

phone placed at a mode function null would be insensitive to

that mode). The TL plots at 35.2, 99.6, and 252.0 Hz show

decreasing seafloor penetration with frequency, but adequate

penetration in the upper sediment layer to 4 km range for

these frequencies.

A. Headwave inversion

To further corroborate the modal dispersion inversion

results for this Chukchi Sea location, we performed an inde-

pendent analysis of headwave arrival times to estimate the

seafloor sound speed. Headwaves are longitudinal waves

that travel along the seafloor or subbottom interfaces at the

compressional-wave speed of the lower layer. They are

excited by compressional waves incident on an interface at

the critical angle, and as they propagate they generate

upward-propagating compressional waves at the critical

angle in the media above the interface.27 These waves may

arrive at a receiver before the direct waterborne acoustic

wave if the source-receiver range is sufficiently large.

Assuming uniform water and bottom sound speeds cw and

cb, the arrival times for the waterborne wave and headwave

are27

tw¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2þðhs�hrÞ2

q
=cw’ r=cw; for r� hs�hr; (4)

th ¼
r

cb
þ hs þ hrð Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2

b � c2
w

q
cbcw

; (5)

where r is the source-receiver range, and hs and hr are the

heights of the source and receiver above the seafloor, respec-

tively. The arrival time difference between the waterborne

path and headwave is

Dt ’ r
1

cw
� 1

cb

� �
� hs þ hrð Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2

b � c2
w

q
cbcw

: (6)

This equation is linear with range and the slope of a Dt vs r
plot can be used to calculate the seafloor sound speed if the

water sound speed is known.

Low-frequency headwaves (�140 Hz) were observed in

the Chukchi Sea data before the direct-path arrival for pulses

measured beyond approximately 250-m range. To determine

accurate arrival times, pulse waveforms were stacked by

manually time-aligning the direct-path arrivals. The low-

frequency, low-amplitude headwaves were amplified by

applying an automatic gain control (AGC) filter over the

waveforms with a 0.02 s gate (Fig. 13, top). The headwave

arrival times were picked from the peak arrival time for

ranges between 320 and 490 m. A linear fit was calculated

for the time difference between the direct and headwave

arrivals (Fig. 13, bottom). Using Eq. (6) and an average

water sound speed of 1443 m/s, the slope of the line and its

uncertainty correspond to a seafloor sound speed of 1636 m/s

and 95% credibility interval of [1629, 1643] m/s. On the

FIG. 10. (Color online) Mode relative arrival times for the two pulses calcu-

lated from a random sample of models from the PPD (grey-scale distribu-

tions) and the arrival times picked from the measured pulses (�).

FIG. 11. Error statistics for modes in (left) pulse A and (right) pulse B.

Residual standard deviations, fraction of time the AR process was required,

and AR coefficient values are shown in the top, middle, and bottom panels,

respectively.
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basis of the modal dispersion inversion results, the most-

probable subbottom sound speed from the PPD for the top 5

mbsf is 1633 m/s and the 95% credibility interval is [1612,

1647] m/s, which is in excellent agreement with the head-

wave results. Analysis of headwave arrival times can provide

estimates of layer thicknesses and of sound speeds of deeper

layers if headwaves off deeper layer interfaces can be

detected in the acoustic data. Headwaves corresponding to

the subbottom interface indicated in Fig. 7 at �10–20 mbsf

were not discernable in the acoustic time series, so the thick-

ness of the upper layer and sound speed of the halfspace in

the modal inversion results could not be corroborated in this

way.

VI. CONCLUSION

This paper presented trans-dimensional Bayesian inver-

sion of modal dispersion data (both simulated and measured)

at a single hydrophone. Mode arrival times were determined

from time-frequency analysis of pulses after filtering individ-

ual modes using a warping procedure. The arrival times

were then used in the inversion to estimate the water sound-

speed profile, subbottom properties, and parameters of the

survey which were not precisely known (pulse ranges and

times). A trans-D framework was applied in three ways: for

the water-column SSP, subbottom geoacoustic layering

properties, and first-order auto-regressive error model.

The simulation study characterized the ability of the

inversion to estimate environmental and experimental pa-

rameters. Limitations of the data processing method were

shown through discrepancies in portions of the SSP.

Dispersion data predicted using models from the PPD were

shown to match the times estimated from synthetic time

series via the data processing method. Autocorrelated errors

between picked arrival times and the true times from theoret-

ical dispersion curves are attributed to time-frequency data

processing limitations which can be a major component of

the errors.

Inversion results for the Chukchi Sea survey showed

excellent agreement between the estimated SSP and the

measured profile. The inversion resolved all significant fea-

tures of the SSP, often requiring six or more sound-speed

nodes to define the profile. The estimated geoacoustic profile

showed less structure (two layers) but was well resolved for

the shallowest layer. An independent headwave analysis for

the seafloor sound speed agreed well with the modal-

inversion estimates. The basement properties were less well

resolved although the depth of the acoustic basement

was well resolved. The ability to resolve SSP and seabed

parameters via modal dispersion inversion agreed well

FIG. 12. (Color online) (a) Mode func-

tions, and (b)–(d) TL for the

maximum-likelihood environmental

model. Solid horizontal lines indicate

the water depth and subbottom layer

interface depth. Mode functions for the

lowest and highest frequencies picked

from each mode are shown as solid and

dashed curves, respectively (frequen-

cies are indicated on each panel). TL is

shown for 35.2, 99.6, and 252.0 Hz in

(b)–(d), respectively.

FIG. 13. Top plot shows stacked pulse waveforms aligned by the direct path

arrival. Bottom plot shows time of arrival difference between the direct

and headwave arrivals. AGC has been applied to the waveforms to show

headwave arrivals.
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(qualitatively) with forward-modeling sensitivity analysis of

the predicted mode functions and transmission loss. The esti-

mated geoacoustic properties can be used to model sound

propagation for noise-exposure estimation or marine-

mammal localization at the measurement location.

Overall, modal dispersion data and the trans-D inversion

approach are shown to be capable of estimating water SSP

and subbottom sound speed and density profiles to about

10–20 m below seafloor with accuracy sufficient for many

scientific purposes. The inversion results here from only two

airgun array pulses provided useful profiles. The results are

expected to be representative of the average properties over

a 3–4 km path and are less susceptible to small scale varia-

tions that could influence spot measurements. Synchronized

clocks for the source and receiver could remove the require-

ment to invert for absolute timing. Pulses could be produced

by an autonomous system, so long term measurements could

be possible.
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APPENDIX: INVERSION FORMULATION

1. Trans-D Bayesian inversion

This section develops a trans-D Bayesian inversion for

modal dispersion.21,22 Let d be a random variable of N
observed data and let mk be a vector of Mk model parameters

for a physical system of interest, where kð2 KÞ indexes the

form of the system representation. Green12 showed that

Bayes’ rule can then be written

P k;mkjdð Þ ¼ P kð ÞP mkjkð ÞP djk;mkð ÞX
k02K

ð
M

P k0ð ÞP m0k0 jk0
� �

P djk0;m0k0
� �

dm0k0
:

(A1)

Equation (A1) represents a single hierarchical model of the

physical system spanning several multi-dimensional subspa-

ces. P(k) is the prior distribution for k which indexes the

number of subbottom interfaces, the number of nodes defin-

ing the water SSP, and the state of the AR(1) error model

(described in Appendix Secs. 3, 4, and 5, respectively).

PðmkjkÞ is the prior distribution for the Mk model parame-

ters. Pðdjk;mkÞ is the conditional data error distribution;

however, for fixed (measured) data d, this probability

is interpreted as the likelihood of the model parameters,

L(k, mk).

The trans-D posterior probability density (PPD)

Pðk;mkjdÞ in Eq. (A1) can be approximated in a Markov-

chain Monte Carlo (MCMC) simulation that can transition

(jump) between system representations specified by k for

models of dimension Mk. A reversible-jump MCMC

(rjMCMC) algorithm12 is used to sample the PPD while

maintaining detailed balance for unbiased sampling.28

Transitions from the current model (k, mk) to a proposed

model ðk0;m0k0 Þ are accepted with probability given by the

Metropolis-Hastings-Green criterion

a¼min 1;
P k0;m0k0ð Þ
P k;mkð Þ

L k0;m0k0ð Þ
L k;mkð Þ

 !1=T
Q k;mkjk0;m0k0ð Þ
Q k0;m0k0 jk;mkð Þ jJj

2
4

3
5;

(A2)

where jJj is the determinant of the Jacobian for the diffeo-

morphism from (k, mk) to ðk0;m0k0 Þ and T is the sampling

temperature which can be considered unity here but is var-

ied in the method of parallel tempering (described below).

The rjMCMC algorithm used here is the birth-death

scheme,11 which has been used in several trans-D geoacous-

tic inversion studies.15,21,29 For the trans-D geoacoustic pro-

file, we implement this scheme by adding or removing

subbottom interfaces which define homogeneous layers with

sound speed and density. For a birth step, a new subbottom

interface is inserted at a random depth selected from a uni-

form prior. The physical properties of the layer above the

new interface are chosen randomly from the prior distribu-

tion. For a death step, an existing interface is randomly

selected and removed. The physical parameters of the new

thicker layer are chosen from the layer below the removed

interface.

This birth/death scheme differs from that used in most

trans-D geoacoustic inversion work. Previous studies have

used symmetric proposal distributions centered around the

current parameter values, so that high likelihood models

will be proposed if the current model has high likelihood

and the proposal distribution width is relatively small.15

However, this can cause the proposal and prior ratios in Eq.

(A2) to be small which decreases the acceptance probabil-

ity. Dosso et al.22 showed that birth acceptance rates could

be much higher by proposing from the prior distribution

compared to proposing close to the current model (the for-

mulation is also simpler). We performed inversions using

both schemes and found the acceptance rate was approxi-

mately four times higher when proposing from the prior

than when using Gaussian proposals, resulting in faster PPD

convergence.

In the water column, we implement the birth-death

scheme by adding or removing SSP nodes which define a

piecewise 1=c2
w linear profile. Birth steps involve inserting a

node with a depth and sound speed selected randomly from

uniform prior distributions. For a death step, an existing

node is randomly selected and removed. New parameter

values are not needed for this step because the water SSP
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effectively heals by joining the nodes above and below the

removed node. The acceptance probability for the birth and

death moves for either the water column or subbottom is

given by Eq. (A2). These birth/death schemes ensure jJj is

unity.12

Achieving efficient dimension jumps and complete

sampling of potentially multi-modal structure within fixed-

dimensional subspaces is a challenge in trans-D inver-

sion.22,29,30 One strategy is to use parallel tempering29,31–34

which applies a sequence of interacting Markov chains that

sample the PPD at different temperatures T [Eq. (A2)]. The

acceptance probability a increases with T which allows

more low-likelihood models to be accepted. Thus, higher-

temperature chains sample the parameter space more freely,

bridging potentially multimodal PPD structure or jumping

dimension more readily. Lower temperature chains sample

local PPD structure more efficiently. Chains with T 6¼ 1 do

not provide unbiased sampling; however, the efficient explo-

ration of the space provided by high temperature chains

can be combined with unbiased T¼ 1 chains by allowing

chains to probabilistically swap models according to the

Metropolis-Hastings criterion: a swap of models between

chains of temperatures T and T0 is accepted with probability

p ¼ min 1;
L k0;m0k0ð Þ
L k;mkð Þ

 ! 1=T�1=T0ð Þ
2
4

3
5: (A3)

Although the computational expense increases linearly with

the number of parallel-tempering chains, the rate of PPD

convergence may substantially outweigh this factor for suit-

ably chosen temperatures.31,32 The temperature spacing

between chains is usually taken to be logarithmic with swaps

allowed between arbitrary chain pairs.32 For this paper, 10

rjMCMC chains were used with Ti¼ 1.2i, i¼ 0,…, 9.

There is no definitive test for convergence of Markov-

chain sampling to the PPD30 so it has been suggested that

sampling should be conducted for some time after the PPD

ceases to change significantly with new samples.35 This can

result in large sample populations which can take up large

computer disk space and result in long post-processing

times. Chain thinning36 is used to reduce the correlation

between samples and represent the PPD more efficiently,

but it is difficult to know a priori how much to thin. The

new method of fixed-length thinning25 overcomes this by

adaptively thinning samples based on a fixed number of

desired PPD samples. New samples are probabilistically

added to the PPD sample population by overwriting

randomly selected existing samples while ensuring the prob-

ability of any two samples existing in the population is

identical. The acceptance probability for the ith model in

the chain is

ai ¼
1; i � Ntot;

ai�1Ntot

ai�1 þ Ntot

; i > Ntot;

8<
:

where Ntot is the total number of samples in the desired

population.

2. Likelihood

The likelihood function is dependent on the residual

error statistics. These errors result from measurement, data-

processing, and theory errors, the statistics of which are

often unknown. The errors may have an autocorrelated com-

ponent that we model using an AR(1) process.15,37 The total

data residuals for model mk are given by

ri ¼ di � diðmkÞ � diðaÞ; (A4)

where

diðaÞ ¼ aðdi�1 � di�1ðmkÞÞ (A5)

is the AR(1) process and d(mk) are the predicted data. In this

paper, the residual errors are assumed Gaussian distributed

and the AR(1) coefficient a is restricted between �0.6 and

0.999. The validity of these error model assumptions are

checked a posteriori. For N data with Gaussian-distributed

errors the likelihood function is

L k;mkð Þ ¼ 1

2pð ÞN=2jCdj1=2

� exp �1

2
d� d mkð Þ � d að Þ
� �T

C�1
d

�

� d� d mkð Þ � d að Þ
� ��

; (A6)

where Cd is a diagonal data covariance matrix [given that error

covariances are represented by the AR(1) process]. Errors are

assumed independent between modes and between pulses, but

potential correlation over frequency for a given mode m and

pulse p is characterized by the AR(1) coefficient amp. Further,

the error standard deviation (rmp) is assumed constant over fre-

quency but potentially changes between pulses and modes. Let

dmp represent a vector of modal arrival times at Nmp frequen-

cies. The likelihood function is the product

L k;mk;r;að Þ¼
YPtot

p¼1

YMp

m¼1

1

2pr2
mp

� �Nmp=2

� exp �
jdmp�dmp mkð Þ�dmp ampð Þj2

2r2
mp

" #
;

(A7)

where Ptot is the total number of pulses considered and Mp is

the number of modes considered for pulse p. Setting @L/

@rmp¼ 0 leads to a maximum-likelihood estimate for rmp:

r̂mpðmkÞ¼½jdmp�dmpðmkÞ�dmpðampÞj2=Nmp�1=2: (A8)

Substituting Eq. (A8) into Eq. (A7) and neglecting multipli-

cative constants gives

Lðk;mk;aÞ¼exp

"
�
XPtot

p¼1

XMp

m¼1

Nmp

� logejdmp�dmpðmkÞ�dmpðampÞj
#
; (A9)
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which provides an efficient treatment of unknown rmp with-

out explicitly sampling additional parameters.29

3. Prior and proposal ratios—Geoacoustics

Markov-chain moves for the geoacoustic parameters

that do not change model dimension (i.e., number of subbot-

tom layers) have unity prior and proposal ratios in Eq. (A2)

because we use a uniform prior P(mk) and a symmetric

(Gaussian) proposal distribution centered at the current pa-

rameter value. For moves that change dimension, the prior

and proposal ratios are not unity. The prior distribution can

be written

Pðk;mkÞ¼PðkÞPðmkjkÞ¼PðkÞPðzjkÞPðcb;qjkÞ; (A10)

where z represents the set of subbottom interface depths, cb

and q represent layer sound speeds and densities, and k is

taken here to represent the number of subbottom interfaces.

The prior distribution for k is uniform from the assigned

minimum to the maximum number of interfaces (0 and 10

for this paper, respectively). The prior distribution for the

depth partition z is a Dirichlet distribution given by22,25

PðzjkÞ ¼ k!z�k
b ; (A11)

where zb is a fixed maximum interface depth (50 m for this

paper), below which the data are insensitive and structure

cannot be resolved, and the prior distribution for zi is uni-

form over [0, zb]. The subbottom sound speed cb and density

q are bound by a joint prior distribution representing an em-

pirical relationship based on a compilation of sediment sam-

ples to constrain models to physical speed and density

combinations.23,24

The proposal ratio for moves that jump dimension can

be broken down into

Q k;mkjk0;m0k0ð Þ
Q k0;m0k0 jk;mkð Þ ¼

Q kjk0;m0k0ð Þ
Q k0jk;mkð Þ

Q zjk0;m0k0ð Þ
Q z0jk;mkð Þ

� Q cb; qjk0;m0k0ð Þ
Q c0b; q

0jk;mk

� � : (A12)

The proposal ratio for k cancels because Q(k) is symmetric.

Using the depth partition prior in Eq. (A11) and drawing

subbottom sound speed and density in birth steps from the

joint prior results in the proposal ratio cancelling the prior

ratio in the acceptance probability equation, leaving

a ¼ min 1;
L k0;m0k0ð Þ
L k;mkð Þ

" #
: (A13)

4. Prior and proposal ratios—Sound-speed profile

The water SSP parameterization in this paper consists of

sound speeds defined at the surface and seafloor, and sound

speeds and depths defined at an unknown number of nodes

within the water column (0–15 nodes are allowed here). A

uniform prior is used for the number of nodes and for all

speeds and depths, and proposals for parameter perturbations

are based on a symmetric (Gaussian) distribution centered at

the current parameter value. This ensures that most terms of

the prior and proposal ratios in Eq. (A2) cancel; however, in

contrast to the geoacoustic layer-stack model, the prior dis-

tribution for the SSP node-depth partition does not generally

cancel.

Markov-chain moves that do not change the dimension

of the SSP have unity prior and proposal ratios, except for

moves that change the water depth. The prior distribution for

the node depth partition PðzjkÞ is of the same form as in Eq.

(A11) except that zb is now the water depth and k is the num-

ber of water-column nodes. It is straightforward to show that

the acceptance probability for birth, death, and perturbation

moves for the SSP becomes

a ¼ min 1;
zb

z0b

� �k L k0;m0k0
� �

L k;mkð Þ

" #
; (A14)

which reduces to the likelihood ratio for moves where zb

remains constant.

5. Trans-D AR model

A trans-D algorithm is also applied to the residual error

model15 where index k takes one of two values: k¼ 0 indi-

cates an error model without an auto-regressive component

and k¼ 1 indicates an AR(1) process with coefficient a
2 (�0.6, 0.999). Let ak represent the AR(1) parameter for a

particular mode and pulse. Three moves are possible and are

chosen with equal probability: birth of the AR(1) parameter,

death of the AR(1) parameter, or a perturbation to a1. A uni-

form prior distribution is used for birth moves and a symmet-

ric (Gaussian) distribution is used for perturbation moves.

The resulting acceptance probability is

a ¼ min 1; c
L a0ð Þ
L að Þ

" #
; (A15)

where c is 0.5, 2, and 1 for birth, death, and perturbation

moves, respectively.15
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