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The problem of estimating the azimuth and elevation angle of a sound source using a compact array

of hydrophones is addressed. The closed-form representations for several time-difference of arrival

(TDOA) based estimators are given, and their accuracies are evaluated using both statistical simula-

tions and in situ tests. Simulations demonstrated that the accuracy provided by the estimators is

close to the Cram�er–Rao bounds. In real conditions, the main cause of azimuth and elevation errors

can be refraction, surface and bottom reflections and other unpredictable sound propagation effects

resulting in large and slowly changing errors. VC 2017 Acoustical Society of America.
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I. INTRODUCTION

Compact arrays of hydrophones provide an important

ability to solve the problem of estimating azimuth and ele-

vation angles of detected sounds1–15 (hereafter, we refer to

this problem as direction finding). This ability makes com-

pact arrays an extremely efficient tool to detect and track

marine mammals2–9 and vessels.10–15 Direction finding

algorithms used in compact arrays are based on estimating

the time-difference of arrival (TDOA) for the same signal

detected on multiple hydrophones. Despite growing theo-

retical and practical interest in compact arrays, a number of

important issues have not been addressed in the published

literature.

In the majority of publications, the chosen direction

finding algorithm is insufficiently supported. A technique

used in many systems is a search-free (SF) estimator based

on a far field approximation of TDOA.2–8,10,11 However,

this approach has no statistical motivation and is not statis-

tically optimal. The main alternative to this algorithm is the

maximum likelihood (ML) approach,8,16–18 which should

also be tested as a possible solution for use in compact

arrays.

Furthermore, the potential accuracy of direction finders

based on using phase differences between signals is well

studied in the literature,1,13–15,18 but there is little informa-

tion about the accuracy of azimuth and elevation estimates

provided by the TDOA-based estimators. The lowest vari-

ance that a TDOA-based linear estimator can achieve is

specified by the Cram�er–Rao bounds17–19 (CRB). However,

the closed form representations for CRB of azimuth and ele-

vation estimates provided by TDOA-based compact arrays

are unknown from the literature. It is evident that the accu-

racy of azimuth and elevation estimates can differ

depending on algorithm design features, signal features,

background noise conditions, and other factors. Estimation

accuracy is not readily predictable. Taking these consider-

ations into account, an analysis of the performance of direc-

tion finding algorithms as applied to compact arrays is an

important practical problem.

In this paper, we address the problem of TDOA-based

estimation of azimuth and elevation angles of underwater

sound sources using compact volumetric arrays of hydro-

phones. Although we only address this problem for the

underwater context, these evaluations are applicable to in-air

microphone arrays.20–22 The goals of this work are to pro-

vide the closed-form representations for the ML and general-

ized SF algorithms, to derive the closed-form representations

for the CRB, and to evaluate the performance of the TDOA-

based direction finders using statistical simulations and in
situ tests. The main contribution of this paper comes from

the results of a comparative analysis of the estimation accu-

racy from the algorithms under various conditions.

This paper is organized as follows. In Sec. II, the data

model is considered, and the problem is formulated. The

closed-form representations of the estimators are given in

Sec. III. The Cram�er–Rao bounds are derived in Sec. IV.

The results of comparative analysis are considered in Sec. V.

The discussion is presented in Sec. VI. Section VII provides

the conclusions.

II. DATA MODEL AND PROBLEM FORMULATION

This study assumes that sources are localized within an

area specified in a three-dimensional (3D) Cartesian coordi-

nate system with the origin, O, located at the depth, z0, rela-

tive to the sea surface. Axis OX and OY are placed in a

horizontal surface, axis OY is directed to true North, and

axis OZ is directed upright. The sound source is located at

an unknown position specified by the vectora)Electronic mail: ildar.urazghildiiev@jasco.com

2548 J. Acoust. Soc. Am. 141 (4), April 2017 VC 2017 Acoustical Society of America0001-4966/2017/141(4)/2548/8/$30.00

http://dx.doi.org/10.1121/1.4979792
mailto:ildar.urazghildiiev@jasco.com
http://crossmark.crossref.org/dialog/?doi=10.1121/1.4979792&domain=pdf&date_stamp=2017-04-01


rðhÞ ¼
x
y
z

2
4
3
5 ¼ r

cos b sin a
cos b cos a

sin b

2
4

3
5 2 R3; (1)

where

h ¼ a; b; r½ �T (2)

is the vector of unknown parameters of a source; symbol j � j
denotes the vector norm; x; y; and z are rectangular coordi-

nates of the source; r ¼ jrj is the source range; a and b are

azimuth and elevation angle, respectively; and the super-

script T denotes transposed. Azimuth is measured relative to

true North (axis OY) and elevation is measured relative to

the horizontal plane.

The signal emitted by the source is assumed to be a ran-

dom process with non-uniform power spectrum density,

such that most signal energy is concentrated within the fre-

quency band BS ¼ ½Fmin; Fmax�. The sensors (hydrophones)

provide low-pass filtering and synchronized digitizing of

the continuous-time acoustic field with the sampling rate

FS > 2Fmax.

It is assumed that the compact array consists of N � 3

omnidirectional sensors located at known positions. Sensor

positions are specified by the vectors ri 2 R3; i ¼ 1; 2;…;N.

We also assume that the source is located in far field, such

that the maximum distance between sensors is much shorter

than the minimum sensor-to-source distance,

max
i;j
fjri � rjjg � min

i
fjri � rjg; i; j ¼ 1; 2;…;N: (3)

The signal propagation delay observed at the ith sensor is

si ¼ siðhÞ ¼ jrðhÞ � rij=c; (4)

where c is the speed of sound. We assume a relatively uni-

form sound velocity profile such that sound propagation

effects are not taken into consideration. Such an assumption

simplifies the algorithm design and is acceptable within the

small dimensions of the array, but it could cause additional

estimation errors if a source was far away from an array. The

TDOA between the signal replicas observed at different sen-

sors is denoted by

si;jðhÞ ¼ sj � si ¼ ðjrðhÞ � rjj � jrðhÞ � rij Þ=c; i < j:

(5)

TDOA is an unknown parameter and should be esti-

mated from the sensor outputs. Denote the matrix of the true

TDOAs by T ¼ fsi;jðhÞ; i; j ¼ 1;…;Ng.
For each time instance, t, when the presence of signal is

detected, the TDOA estimates can be computed from the

waveform cross-correlation function17

qi;jðt; sÞ ¼
X

n

uiðtþ nÞujðtþ nþ sÞ (6)

as

ŝi;j ¼ arg max
s

qi;jðt; sÞ ¼ si;jðhÞ þ ei;j; (7)

where uiðtÞ is the filtered process on the output of the ith sen-

sor; ei;j is the TDOA estimation error; and symbol “^”

denotes the estimate.

Let T̂ ¼ fŝi;j; i; j ¼ 1;…;Ng denote a matrix of TDOA

estimates. We assume that a total of NðN � 1Þ=2 indepen-

dent measurements of signal TDOAs are performed, such

that ŝi;j ¼ �ŝj;i. It is also assumed that TDOA estimation

errors are independent, identically distributed (i.i.d.)

Gaussian variables with zero mean and covariance matrix

r2I, such that the TDOA estimates ŝi;j are also Gaussian var-

iables with the mean Efŝi;jg ¼ si;jðhÞ and the variance r2.

The assumption of i.i.d. Gaussian errors significantly simpli-

fies the estimator design and seems to be realistic for com-

pact arrays. However, other models, such as Gaussian

variables with a non-diagonal covariance matrix, could be

used, if needed. The probability density function of the

TDOA estimates (7) is

W T̂jh
� �

¼ k exp � 1

2r2

X
i

X
j

ŝi;j� si;j hð Þ
� �2

( )
; i< j;

(8)

where k is a scalar, which is independent of the signal

parameters.

The problem considered in this paper can be formulated

as follows: derive the closed-form representations for the prac-

tical estimators of the unknown parameters (1), ĥ ¼ ĥðT̂Þ, and

evaluate their accuracy using Cram�er–Rao bounds, statistical

simulations, and in situ measurements.

III. DIRECTION FINDING USING COMPACT ARRAYS

For the Gaussian distributed TDOA measurements (7), a

ML estimator is optimal in that it provides accuracy close to

the CRB representing the lower bound of the parameter esti-

mation error.18,19 Although the optimality of the ML estima-

tor does not necessarily mean that this is the best estimator

to use or even that is a satisfactory estimator, it is necessary

to compare the accuracy provided by the practical estimators

with those that can be obtained using the optimal ML

technique.

A. Maximum likelihood estimators

If a variance of TDOA estimation error is equal for all

channel pairs, the structure of the ML estimator is indepen-

dent of the parameter r2, and the ML estimates of vector h

can be represented as

ĥMLðT̂Þ ¼ arg min
h

X
i

X
j

ðŝi;j � si;jðhÞÞ2; i < j : (9)

Nonlinear optimization problem (9) has no analytical

solution and the parameters a; b; r must be searched in 3D

space to compute the estimates (9). As it was shown in Ref.

17, TDOA-based direction finding algorithms are unsuitable

for accurately estimating ranges, r, if the source is far from

the array. Since for compact arrays the condition (3) always

holds, the direction finding problem is reduced to finding
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azimuth and elevation estimates, such that a practical ML

estimator should only evaluate parameters a and b. The ML

estimates of the azimuth and elevation angle can be obtained

from (9) by using some scalar r0 that satisfies the condition

r0 � maxi;jfjri � rjjg instead of an unknown range. Then

the 2D ML estimator is

fâ; b̂g ¼ arg min
a;b

X
i

X
j

ðŝi;j � si;jða; b; r0ÞÞ2; i < j :

(10)

The estimates (10) could be found using a 2D grid

search algorithm, which is computationally expensive.

However, in some cases minimizing the 2D function (10)

can be replaced by minimizing two 1D functions.

Let us consider a direction finding problem in a 2D

space by discarding the Z coordinate of vectors r and ri;
i ¼ 1; 2;…;N, and assume that r 2 R2 and ri 2 R2. If the

source-to-sensor distance in the plane XOY is long enough

that the condition (3) holds in the 2D space, the TDOA-

based estimation of azimuth is independent of the elevation

angle. Then the ML estimates of azimuth and elevation angle

can be found separately. First, the azimuth estimate is com-

puted for the certain values of range r0 and elevation b0:

â ¼ arg min
a

X
i

X
j

ðŝi;j � si;jða; b0; r0ÞÞ2: (11a)

In practice, the scalar b0 can be equal zero, b0 ¼ 0. Then the

elevation estimate is evaluated for the azimuth estimate

(11a):

b̂ ¼ arg min
b

X
i

X
j

ðŝi;j � si;jðâ; b; r0ÞÞ2: (11b)

Note that the estimator (11) is computationally more effi-

cient as compared to the estimator (10) since it can be imple-

mented by using 1D grid search. Further computational

efficiency can be achieved by using the search-free

estimators.

B. Search-free estimator

If the condition (3) holds, the TDOA (5) can be approxi-

mated as

si;j hð Þ ¼ sj � si � � rT
j e hð Þ � rT

i e hð Þ
� ��

c

¼ � 1

c
dT

i;je hð Þ; (12)

where

eðhÞ¼ rðhÞ=jrðhÞj¼
ex

ey

ez

2
4

3
5¼ cosbsina

cosbcosa
sinb

2
4

3
52R3 (13)

is the unit vector specifying the direction to the source, and

di;j ¼ rj � ri. Approximation (12) in the matrix form can be

represented as

sðhÞ ¼ � 1

c
DeðhÞ; (14)

where sðhÞ ¼ ½s1;2ðhÞ; s1;3ðhÞ;…; sN�1;NðhÞ �T 2 RNðN�1Þ=2

is the vector consisting of all NðN � 1Þ=2 TDOAs (5) and

D ¼ ½dT
1;2; dT

1;3;…; dT
N�1;N �

T 2 RNðN�1Þ=2	3 is the matrix

composed of the vectors di;j. From (14) it follows

eðhÞ ¼ � 1

c
ðDTDÞ�1DTsðhÞ: (15)

Substituting the TDOA estimates (7) instead of

unknown true TDOAs in (15), we can obtain the estimate of

the directional vector:

ê ¼ � 1

c
ðDTDÞ�1DT ŝ; (16)

where ŝ ¼ ½ŝ1;2; ŝ1;3;…; ŝN�1;N �T 2 RNðN�1Þ=2. Then the

search-free (SF) estimates of the azimuth and the elevation

angle can be found from (16) as

â ¼ tan�1 êx

êy
(17a)

b̂ ¼ cos�1êz ¼ tan�1 êzffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ê2

x þ ê2
y

q : (17b)

Note that a similar estimator using a reduced number of

N � 1 TDOA estimates was used in Refs. 2–7, 10, and 11. The

algorithm (17) represented here can be considered as a generalized

SF estimator based of the far field approximation of TDOAs.

IV. CRAM�ER–RAO BOUND

The CRB is the lowest variance that an unbiased linear

estimator can achieve. It is derived to be18,19

CRBðhÞ ¼ F�1 (18)

where

F ¼ E
@lnW Tjhð Þ

@h

� 	T
@lnW Tjhð Þ

@h

� 	" #

¼ �E
@2lnW Tjhð Þ
@h@hT


 �
(19)

is the Fisher information matrix (FIM). Performing statistical

averaging of the likelihood function (8), the FIM elements of

can be represented as

Fð Þm:n ¼
1

r2

X
i

X
j

@si;j hð Þ
@hm

@si;j hð Þ
@hn

; m;n¼ 1…3: (20)

Here hm is the mth element of the vector h (2) and ðFÞm:n is

the ðm; nÞ th element of FIM (19). Partial derivative of the

TDOAs (5) over the parameter hm is

@si;j hð Þ
@hm

¼ @tj

@hm
� @ti
@hm

: (21)
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Substituting the parameters a; b, and r in (21), we obtain

representations for the partial derivatives in the closed form:

@ti
@a
¼ 1

cdi
x� xið Þr cos a cos b� y� yið Þr sin a cos b

� 
;

(22a)

@ti

@b
¼ 1

cdi
� x� xið Þr sin a sin b
�

� y� yið Þr cos a sin bþ z� zið Þr cos b�; (22b)

@ti

@r
¼ 1

cdi
x� xið Þsin a cos b

�
þ y� yið Þcos a cos bþ z� zið Þsin b�; (22c)

where di ¼ jrðhÞ � rij.
From Eqs. (18)–(22), the approximations of Cram�er–Rao

lower bounds of variances of the estimates â; b̂, and r̂ can

be represented as follows:

r2
a ¼ E â � a hð Þð Þ2

n o
� 1

Fð Þ1;1
; (23a)

r2
b ¼ E b̂ � b hð Þ

� �2
n o

� 1

Fð Þ2;2
; (23b)

r2
r ¼ E r̂ � r hð Þð Þ2

n o
� 1

Fð Þ3;3
: (23c)

As mentioned above, compact arrays for which the con-

dition (3) holds are unsuitable for estimating ranges.

Therefore, only variances of the estimates â and b̂ make

practical sense and are tested in Sec. V.

V. TEST RESULTS

In this study, a tetrahedral array of underwater

Autonomous Multichannel Acoustic Recorders12 (AMARs,

JASCO Applied Sciences) was used for statistical simulations

and in situ tests. The array was deployed on the VENUS

cabled ocean observatory operated by Ocean Network

Canada in the Salish Sea, near Vancouver, BC, Canada. Each

AMAR had four hydrophones sampling at 64 kHz using a

four channel ADC to ensure simultaneous sampling. The

hydrophone sensitivity and current-to-voltage converter

board were �165 dB re 1 V/lPa at 250 Hz. The array was

deployed at the ocean bottom at a 168 m depth, and the posi-

tions of sensors in the array were r1 ¼ ½0; 0; 1:5�T ,

r2 ¼ ½�0:66;�0:84; 0�T , r3 ¼ ½1:05;�0:14; 0�T , and r4

¼ ½�0:41; 0:98; 0�T m. The array position and orientation

were measured during the deployment and calibrated using

surface vessels with known GPS coordinates.

A. Statistical simulations

Two simulation scenarios were considered. In the first

scenario, the empirical root-mean square error (RMSE) as a

function of the source range, r, was evaluated. Without loss

of generality, we simulated a source traveling from the sen-

sor with a constant speed and the heading angle, such that

the source positions were simulated as rðtÞ ¼ rðt0Þ
þVeðcÞðt� t0Þ, where rðt0Þ ¼ ½10; 10; 159�T is the initial

position; V¼ 7 m/s¼ 13.73 knots is the source speed;

c¼ 45
 is the heading angle; and eðcÞ ¼ ½sin c; cos c; 0�T is a

unit vector describing the travel direction. Figure 1(a) shows

the source range as a function of time, and Fig. 1(b) shows

the azimuth and elevation angles as a function of range. In

these figures, 11 simulated source positions are displayed by

the circles.

For each of the simulated source positions, the azimuth

and elevation estimates were computed using L ¼ 1000

runs. In each run, an i.i.d. Gaussian zero-mean TDOA esti-

mation error ei;j with a standard deviation r ¼ 10 ls was

added to the true TDOA.

Estimation accuracies provided by the ML estimators

(10), (11) and the search-free algorithm (17) were tested.

The empirical RMSE of the estimates â and b̂ were com-

puted as

RMSEh ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðLÞ�1

XL

l¼1

ðĥðlÞ � hÞ2
vuut ; h 2 fa; bg; (24)

where L (L ¼ 1000) is the number of simulations. For sim-

plicity, hereafter we use the variable “h” to define both azi-

muths and elevations, i.e., h ¼ a for azimuths and h ¼ b for

elevations.

Note that for unbiased estimates, the RMSE (24) is

equal to the standard deviation (STD) of azimuth and eleva-

tion estimates, STDh ¼ RMSEh, h 2 fa; bg.
In all simulations, the ML estimators (10) and (11)

provided undistinguishable RMSE, such that the results dis-

played in this section are applicable to both 2D and 1D ML

FIG. 1. (a) Source range as a function of time, (b) source azimuth and eleva-

tion angles as a function of range. Simulated source positions are displayed

by the symbol “o”.
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estimators (10), (11). Figure 2 shows the empirical RMSE

(24) of the ML estimates (10), (11), SF estimates (17), and

the CRB (23) as functions of the source range.

In the second scenario, the empirical RMSE as a func-

tion of the standard deviation of TDOA estimates, r, was

evaluated. The coordinates of the source were

r ¼ ½550; 350; 159�T . Figure 3 shows the CRB (23) and the

empirical RMSE (24) computed for the ML estimators (10),

(11) and for the SF algorithm (17).

B. In situ test

Data collected in the Salish Sea, near Vancouver, BC on

February 21–22 and August 17–23, 2016 were used for in
situ testing. The estimator accuracy was tested using sounds

produced by 558 vessels with known GPS coordinates. We

refer to these sounds as ship noise. The azimuth and eleva-

tion angles were measured using a matrix of TDOA esti-

mates of ship noise, T̂, computed every 0.5 s using data

segments 1 s long each and within the frequency range

50–25 000 Hz. The performance of the ML estimators (10),

(11) and the SF location algorithm (17) were tested.

In all tests, the estimators (10), (11), and (17) provided

basically undistinguishable results. Since the SF estimate

(17) is unrestricted, the SF algorithm provided a small num-

ber of outliers in both azimuth and elevation estimates.

However, the number of outliers was negligibly small, such

that the results obtained for the 1D ML estimator (11) are

displayed further.

An example of the ML azimuth and elevation estimates

computed using the compact array are shown in Figs. 4(a)

and 4(c), respectively. The dashed lines in Figs. 4(a) and

4(c) show the GPS-based azimuths and elevations of four

vessels traveling near the compact array. Since the position

of the GPS receiver can differ from the position of the ship

engine, the GPS coordinates provided by the AIS system

were adjusted to minimize the mean square error of the azi-

muth and elevation estimation errors. The GPS coordinates

were also interpolated using the time samples to coordinate

with the azimuth and elevation estimates. Figures 4(b) and

4(d) show the azimuth and elevation estimation errors, da

¼ aðrÞ � â and db ¼ bðrÞ � b̂: Here aðrÞ and bðrÞ are the

azimuth and elevations of a vessel located at the point r. The

x and y coordinates (1) of the vector r were computed using

the GPS coordinates of a vessel, and the z coordinate was

assumed z ¼ 158 m for all vessels. Figure 5 shows the GPS-

based ranges of the four vessels.

Figures 4(b) and 4(d) indicate that azimuth and eleva-

tion errors can be represented as an additive sum of two

components. The first component represents relatively large

and slowly changing errors with the correlation interval lon-

ger than 1 min. The second component corresponds to small

almost uncorrelated errors occurring around large errors. On

the basis of this observation, we represented azimuth and

elevation errors as follows:

dh ¼ ĥ � hðrÞ ¼ bh þ eh; h 2 fa; bg; (25)

where h ¼ a for the azimuths and h ¼ b for the elevations,

respectively; bh is a large and slowly changing error, and eh

is a small uncorrelated error that can be modeled as an i.i.d.

Gaussian random variable. Local variations of azimuth and

elevation estimates are much smaller than their slowly

changing deviations, such that their statistical properties

are expected to be different, in particular the variances
FIG. 2. CRB and empirical RMSE as a function of the source range, r, com-

puted for the ML estimators and for the SF algorithm.

FIG. 3. CRB and empirical RMSE as a function of the standard deviation of

TDOA estimates, r, computed for the ML estimators and for the SF

algorithm.
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varfbhg � varfehg. In fact, large deviations in azimuth and

elevation estimates occur due to the presence of large errors

in TDOA estimates, such that the TDOA estimates measured

in in situ test can be modeled as

ŝi;j ¼ si;jðhÞ þ bi;j þ ei;j; (26)

where bi;j and ei;j are random values with long and short cor-

relation intervals, respectively; and varfbi;jg � varfei;jg.
Taking into account (25), (26), in this work we evaluated

the empirical standard deviations of (1) small TDOA errors,

ei;j; (2) large errors, bh; and (3) small errors, eh, of azimuth and

elevation estimates as functions of range. For this purpose, we

used non-overlapping short-time estimates of the correspond-

ing parameters computed using 10 s data segments. Since

TDOA, azimuth, and elevation angles were measured every

0.5 s, a total of 20 independent estimates of ŝi;j, â and b̂ were

computed for each data segment. We assumed that changes of

large errors over a 10 s interval are negligibly small.

Let Tðm; rkÞ be the time interval during which the mth

vessel stays at the range r 2 rk6D from the compact

array. Here rk belongs to the grid of ranges rk 2
f100; 300; 500;…; 6000gm and D ¼ 100 m. The time inter-

val Tðm; rkÞ consists of Pðm; rkÞ ¼ Tðm; rkÞ=10 short-time

intervals 10 s length each. The large error of the parameter

h 2 fa; bg for the pth short-time interval of the mth vessel

staying at the range r 2 rk6D was computed as a median

value of errors observed on this interval:

�bhðpÞ ¼ medianfdhð1Þ; dhð2Þ;…; dhð20Þg; (27)

where dhðkÞ is the kth estimation error (25) observed on the

pth short-time interval. The empirical short-time variance of

small TDOA estimation errors observed on the pth short

interval was computed as

r̂2ðpÞ ¼ ðLKÞ�1
XL

l¼1

X
i

X
j

ðŝi;jðlÞ � �si;jðpÞÞ2;

i; j ¼ 1…N; i < j ; (28)

where �si;jðpÞ is the large TDOA error (27); L (L ¼ 20) is the

number of measurements per short-time interval; and K
¼ ½NðN � 1Þ�=2 ¼ 6 is the number of independent measure-

ments of TDOAs. Correspondingly, empirical short-time

variance of the small azimuth and elevation errors for the

pth short-time interval was computed as

r̂2
hðpÞ ¼ ðLÞ

�1
XL

l¼1

ðĥðlÞ � �bhðpÞÞ2; h 2 fa; bg : (29)

The empirical STD of large azimuth and elevation error

for the mth vessel staying at the range r 2 rk6D was com-

puted as

STDbðm; rkÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðPðm; rkÞÞ�1

XPðm;rkÞ

p¼1

ð�bhðpÞÞ2
vuut ; (30)

and the empirical STD of small TDOA, azimuth, and eleva-

tion errors was

STDsðm; rkÞ ¼ ðPðm; rkÞÞ�1
XPðm;rkÞ

p¼1

r̂ðpÞ: (31a)

STDhðm; rkÞ ¼ ðPðm; rkÞÞ�1
XPðm;riÞ

p¼1

r̂hðpÞ: (31b)

FIG. 4. (a) Azimuth estimates (gray dots) and GPS-based azimuths of vessels 1–4 (dashed lines). (b) Elevation estimates (gray dots) and GPS-based elevations

of vessels 1–4 (dashed lines). (c) Azimuth estimation errors. (d) Elevation estimation errors.

FIG. 5. GPS-based ranges of vessels 1–4.
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For any range rk, the median value of the empirical STD

of large errors (30) and small errors (31) was evaluated as

STDmed
x ðrkÞ ¼ medianfSTDxð1; rkÞ; STDxð2; rkÞ;

…;STDxðMk; rkÞg ; (32)

where Mk is the number of vessels that had the range

r 2 rk6D. In (32) the following notations are used: x ¼ s for

small TDOA errors (31a), x ¼ a and x ¼ b for small azimuth

and elevation errors (31b), and x ¼ b for large azimuth and

elevation errors (30), respectively. The ranges for which four

or more vessels were observed, Mk � 4, were considered in

the tests. The plots of median STD of large and small errors

as functions of range (32) are represented in Figs. 6 and 7.

VI. DISCUSSION

The results of the statistical simulations (see Figs. 2 and 3)

confirm the theory that if TDOA estimation errors are

Gaussian variables, the azimuth and elevation estimation error

provided by the ML locator is close to the CRB. Statistical

simulations also confirm the expected result that the azimuth

estimation accuracy depends on the source range relative to the

array and decreases as the range increases (see Fig. 2). The

other expected result is that the azimuth and elevation estima-

tion accuracy depends on the STD of TDOA estimates, r. The

RMSE (24) decreases as the STD of TDOA estimates increases

(see Fig. 3). The new and important result here is that in all

simulations, the 2D ML estimator (10), the 1D ML estimator

(11), and SF algorithm (17) provided basically the same

accuracy.

It is important to note that both CRB and empirical RMSE

depend on the number of TDOA estimates used to compute

azimuths and elevations. We tested the scenario of a full set of

½NðN � 1Þ�=2 ¼ 6 independent TDOA estimates used to com-

pute azimuths and elevations. In the case of using a reduced

number of N � 1 TDOA estimates as in Refs. 2–7, 10, and 11,

both the CRB and RMSE values were higher in N=2 ¼ 2 times

as compared to the values shown in Figs. 2 and 3.

The results of in situ tests show that statistical properties

of both azimuth and elevation estimates obtained in real

world scenarios can significantly differ from those observed

in simulations based on i.i.d. Gaussian TDOA estimation

errors. As Fig. 4 indicates, azimuth and elevation errors can

be represented as a sum of two components with different

statistical properties. The first component, referred to as

large errors, is characterized by slow changes and high vari-

ance. The second component, referred to as small errors, is

similar to errors occurring due to the presence of i.i.d.

Gaussian errors in TDOA estimates.

The presence of large errors in azimuth and elevation

estimates can be explained by the effects of sound propaga-

tion in the water, such as refraction, surface and bottom

reflections, tides, etc. The sound propagation effects affect

the TDOA estimation errors such that the standard Gaussian

model (7) becomes inaccurate. A more realistic model, such

as that of (26), should include the presence of random com-

ponents with long and short correlation interval and different

variances. Studying the influence of sound propagation in

the water on the accuracy of direction finding algorithms

was outside the scope of this work. We restricted our efforts

by demonstrating the example of using the azimuth and ele-

vation estimation algorithms in some practical applications,

such that only the standard deviations of large and small

errors as functions of range were computed in this work.

The observed median value of STD of small TDOA

errors was around 10 ls (see Fig. 6), and the median STD of

small errors was around 0.2
 for both azimuth and elevation

estimates (see Fig. 7). These values are close to the theoreti-

cal CRB (23) and the empirical STD obtained in simulations

(see Fig. 3). In situ tests also demonstrated that large errors

were observed at all tested ranges and for all azimuths.

No significant differences were found between the results

obtained using the data collected in winter (February 21–22,

2016) and summer (August 18–23, 2016). The STD of large

errors was approximately ten times higher than that of small

errors (see Fig. 7).FIG. 6. STD of small TDOA errors as a function of range.

FIG. 7. STD of large and small errors as a function of range: (a) azimuth;

and (b) elevation.
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An important result of this study is that both ML estima-

tors (10), (11) and SF algorithms based on far field approxi-

mation of TDOAs provided very similar results. It means

that the computationally efficient SF algorithm (17) can be

used in many applications without loss of the estimation

accuracy. However, in contrast to the unrestricted SF esti-

mates (17), the ML estimates (10) and (11) were always

found within a certain interval of azimuths and elevations.

This fact is important when applying the direction finding

algorithms in tracking systems where prior information

about the azimuths and elevation angles of a source are

available. In these systems, the grid search based algorithms

can provide acceptable computational efficiency and exclude

the presence of outliers.

For future research, it would be interesting to also evalu-

ate the maximum likelihood and search free estimators with

sounds produced by marine mammals. For this purpose, the

accurate position of these sources would need to be known.

VII. CONCLUSIONS

The closed-form representations for the maximum like-

lihood and search-free TDOA-based azimuth and elevation

estimation algorithms applicable for the compact arrays of

hydrophones were provided. Simulations and in situ tests

confirmed that estimation accuracy depends on the TDOA

estimation error. If the source is located in the far field, all

estimators provide accuracy close to the CRB.

The actual azimuth and elevation estimation accuracy

achievable using compact arrays strongly depends on effects

of sound propagation in water, the array deployment, and

other unpredictable factors. In real conditions, the main

cause of azimuth and elevation errors is the sound propaga-

tion effects resulting in large and slowly changing errors.

Investigating the specific influences of these factors were

outside of the scope of this work.

Simulations and in situ tests demonstrated that compact

arrays are powerful tools for solving various practical prob-

lems arising in long-term passive acoustic monitoring, such

as detecting sounds, estimating and tracking the position of

sources, target motion analysis, and more.
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