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Localizing Sources Using a Network of
Asynchronous Compact Arrays

Ildar R. Urazghildiiev and David E. Hannay

Abstract—This paper considers the problem of passive acous-
tic localization of sources using a network of stationary compact
arrays of acoustic sensors providing azimuth and elevation mea-
surements of detected sounds. The maximum-likelihood estimator
and Cramér–Rao bounds are derived. The localization accuracy is
evaluated using statistical simulations and in situ tests. The plots of
azimuth, range, and position estimation accuracy are presented.
Test results demonstrated that superefficient position estimates
with an error lower than the Cramér–Rao bounds can be achieved
for surface vessels and other sound sources with known depths.

Index Terms—Compact array, estimation errors, maximum-
likelihood (ML) estimator, source localization.

I. INTRODUCTION

D ESPITE the technical complexity of using stationary com-
pact arrays of acoustic sensors, they are becoming more

widespread in underwater passive acoustics because they can
measure the azimuth and elevation angles of detected sounds
[1]–[9]. Because of the small dimensions of compact arrays,
they are unsuitable for practical range measurements [8]. How-
ever, compact arrays can be used for estimating ranges if they
are configured in a spatially distributed network. If a source is
detected by two or more compact arrays that are not located
on the same line with the source, the source’s azimuth, eleva-
tion, and range are observable from the azimuth and elevation
measurements provided by the compact arrays. In practice, a
network of two or more underwater compact arrays can ensure
unambiguous localization of surface vessels, marine animals,
and other sound producing sources within large marine areas.
This capability can be used to monitor coastal and offshore ves-
sel activities in marine protected areas and conservation areas,
where other tracking methods, such as RADAR or automatic
identification systems (AIS), are ineffective.

Applying two compact arrays to estimate ranges of vessels
is considered in [2]. When the arrays were 100 m apart, the
position estimation accuracy was about 7% within a vessel-to-
array range of 250 m. However, the closed-form representations
of the localization algorithms used in that system were not given
in [2].
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The problem of localizing and tracking sources from multiple
bearing measurements provided by radar sensors is considered
in [10] and [11]. The triangulation algorithms considered in
these works could potentially be applied in underwater acous-
tics. However, the propagation of underwater sound is obviously
different from the propagation of electromagnetic waves in air in
terms of the present surface and bottom reflections, refraction,
multipath propagation, and other unpredictable effects. Besides
this, the speeds and trajectories of surface vessels and marine
animals are different from those of the sources of interest for
radar applications. Therefore, the potential and actual localiza-
tion accuracy provided by a network of underwater compact
arrays is of great theoretical and practical interest.

This paper considers the problem of estimating the positions
of sources using azimuth and elevation measurements from a
network of stationary compact arrays. The goals of this paper
are to derive the maximum-likelihood (ML) position estima-
tor, derive the closed-form representations for the Cramér–Rao
bounds (CRBs), and evaluate the position estimation accuracy
provided by the various array locations using statistical simu-
lations and in situ tests. The in situ tests were conducted using
two stationary compact tetrahedral arrays of recorders designed
by JASCO Applied Sciences, which were deployed in the Strait
of Georgia near Vancouver, BC, Canada. The main contribu-
tions of this work are the closed-form representations for the
ML estimator and the CRBs, as well as test results representing
the estimation accuracy in real-world scenarios. The intended
applications of the technique considered in this work include,
but are not limited to, passive acoustic detection, localization
and tracking vessels and marine animals, and estimation of pop-
ulation densities and abundances. The results of this work can
be used for preliminary evaluations of a system’s effectiveness
at the design stage and for testing the feasibility of specific
requirements. Section II considers a data model and problem
formulation. Section III presents the closed-form representa-
tions of the ML estimator. Section IV derives representations
for the CRB. Section V presents the results of simulations and
in situ tests.

II. DATA MODEL AND PROBLEM FORMULATION

We assume that vessels, marine mammals, and other
sources of interest are presented as point sources such that
the source position is specified by the average position of
the sound generating components [9]. Spatial coordinates
of the sources are specified in a 3-D Cartesian coordinate
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system with axes X and Y placed in a horizontal plane and
axis Z oriented upward. The vector of source position is defined
as follows:

rS =

⎡
⎢⎣

xS

yS

zS

⎤
⎥⎦ = rS

⎡
⎢⎣

sinαS cos βS

cos αS cos βS

sin βS

⎤
⎥⎦ ∈ R3 (1)

where rS = ‖rS ‖ is a slant distance to the source, αS is the
source azimuth, and βS is the source elevation angle. From (1),
it follows that an unknown source position can be represented
either in rectangular coordinates as vector rS (1) or in polar
coordinates as a vector

γS = [αS , βS , rS ]T ∈ R3 . (2)

Here and elsewhere the symbol “T” denotes transpose.
It is assumed that a network of N ≥ 2 compact arrays is used

to localize a source. Each compact array consists of a small
number of synchronized hydrophones with the distance between
them typically from 0.5 to 2 m [2], [4], [6], [8], [9], [12]–[14].
The size of arrays is much smaller than the distance between the
closest arrays such that the position of the nth compact array is
specified by the vector rn = [xn , yn , zn ]T ∈ R3 , n = 1 . . . N ,
as the position of its center.

Each compact array provides the measurements of azimuth
αn and elevation angle βn of the source. The bearings αn and βn

are defined in a rectangular coordinate system associated with
the nth array. They are obtained by transferring the original
coordinate system into the point rn such that

αn = tan−1 xS − xn

yS − yn
, βn = tan−1 zS − zn

dSn
. (3)

Here, dSn =
√

(xS −xn )2 +(yS −yn )2 is the horizontal distance
to the source relative to the nth array.

The bearing estimates are

α̂n = αn + εαn , β̂n = βn + εβn , n = 1 . . . N (4)

where εαn is the azimuth and εβn is the elevation estimation
error. An example of time-difference-of-arrival (TDOA)-based
ML estimator of bearings (3) applicable to compact arrays is
given in [8], but other array processing techniques, such as
various kinds of beamformers considered in [15], can also be
applied.

The statistical distribution of bearing estimation errors is un-
known, but it depends on many independent factors, such as
the sound propagation environment, the presence of bottom and
surface reflections, technical characteristics and deployment of
the array, the bearing estimation algorithm used to compute
(4), signal-to-noise ratio (SNR), and others. Considering the in-
fluence of all these factors on the statistical properties of the
bearing estimates was outside the scope of this work. However,
under the presence of multiple independent factors, the Gaus-
sian random variable can be used to model the measurement
errors. Therefore, for the sake of simplicity, we make a standard
assumption that the measurement errors εαn and εβn are inde-
pendent identically distributed (i.i.d.) Gaussian variables with
zero mean and known variances σ2

α and σ2
β . We assumed that

SNR was high enough to detect sources at each compact array

and to provide the variances σ2
α , σ2

β < 1◦ . . . 3◦ [8], [9]. In prac-
tice, the actual values of variances σ2

α and σ2
β provided by a

single array can be evaluated from direct bearing measurements
of sources with known coordinates [8], [9].

The compact arrays can be asynchronous in the sense that
they measure bearings (3) of a source at different time instances
t1 �= t2 �= · · · tN . However, it is assumed that the maximum
time difference between N measurements (4) is negligibly small
such that at any tn , the source position can be represented by the
vector rS . The problems considered in this paper are formulated
as follows.

1) To obtain the closed-form representations for the ML es-
timators of the vectors rS (1), γS (2), and for the corre-
sponding CRBs approximating estimation errors.

2) To evaluate the accuracy of the ML estimates of the vectors
rS and γS using statistical simulations and in situ tests.

III. ML ESTIMATOR AND CRBS

Considering (4), the available bearing measurements pro-
vided by a network of N compact arrays can be represented
as a random vector given by

θ̂ = θ + ε ∈ R2N (5)

where θ = θ(rS ) = θ(γS ) = [αT ,βT ]T ∈ R2N is the vec-
tor of true bearings, α = [α1 , . . . , αN ]T ∈ RN and β =
[β1 , . . . , βN ]T ∈ RN are the vectors of source azimuths and
elevation angles (3), and ε = [εα1 , . . . , εαN , εβ1 , . . . , εβN ]T ∈
R2N is the vector of measurement errors. The mean value
and the covariance matrix of the observation vector (5) are as
follows:

E{θ̂} = θ

C = E

{(
θ̂ − θ

)(
θ̂ − θ

)T
}

=
[
σ2

αI 0
0 σ2

β I

]
∈ R2N ×2N .

(6)

Here, I ∈ RN ×N is the unit matrix and 0 ∈ RN ×N is the
zero matrix.

The logarithmic-likelihood function of the vector θ̂ is

lnW (θ̂|rS )= lnW (θ̂|γS )= c − 1
2
(θ̂ − θ)T C−1(θ̂ − θ)

(7)
where c is a scalar that does not depend on θ̂. From (7), the ML
estimates of the vectors rS and γS are as follows:

r̂S = [x̂S , ŷS , ẑS ]T = arg max
x,y ,z

lnW (θ̂|rS ) (8)

γ̂S =
[
α̂S , β̂S , r̂S

]T
= arg max

α,β ,r
lnW (θ̂|γS ). (9)

In practice, the estimates r̂S and γ̂S can be calculated by
using a grid search algorithm that maximizes (8) and (9) in 3-D
space over the parameters x, y, and z or α, β, and r, respec-
tively. The areas of admissible values of coordinates {x, y, z}
or {α, β, r} should be chosen based on the network geometry
and any prior information that is available about the source
position. The estimators (8) and (9) are referred to as 3-D
MLE.



This article has been accepted for inclusion in a future issue of this journal. Content is final as presented, with the exception of pagination.

URAZGHILDIIEV AND HANNAY: LOCALIZING SOURCES USING A NETWORK OF ASYNCHRONOUS COMPACT ARRAYS 3

An important practical problem occurs when a network of
compact arrays is applied to localize sources with known depths.
Corresponding applications involve localizing surface vessels
[1], [2], [9] and monitoring the soundscapes of coral reefs [16]
and other shallow water areas. If it is known that surface ves-
sels or marine animals in shallow water habitats are located at
constant depths, this information can be used to estimate the
positions of these sources. If the variations in depths are much
smaller than the range of coordinates x and y, we can assume
that the depths of all sources zS are known. Then, the positions
of sources can be estimated in the horizontal plane by using a
2-D grid search algorithm over the parameters x and y only.
The corresponding ML estimate is

r̃S = [x̂S , ŷS , zS ]T = arg max
x,y

lnW (θ̂|rS ). (10)

The estimator (10) is referred to as 2-D MLE. In general,
localization of sources with any known coordinate should be
performed in the same way by using a grid search over the
unknown coordinates.

For the Gaussian measurement errors ε = [εα1 , . . . ,
εαN , εβ1 , . . . , εβN ]T , the variances of the ML position esti-
mates (8)–(10) can be approximated by the CRBs. The structures
of the CRBs are similar for the rectangular (1) and spherical (2)
coordinates of the source. For the spherical coordinates (2), the
CRB is derived to be [15], [17]

CRB (γ) = F (γ)−1 (11)

where

F (γ) = E

⎡
⎣
(

∂lnW (θ̂|γ)
∂γ

)T (
∂lnW (θ̂|γ)

∂γ

)⎤
⎦

= −E

[
∂2 lnW (θ̂|γ)

∂γ∂γT

]
∈ R3×3 (12)

is the Fisher information matrix (FIM). Performing statistical
averaging of the likelihood function (7), the elements of the FIM
can be represented as follows:

(F )m.n = ∇T
m C−1∇n , m, n = 1, . . . , 3 (13)

where

∇m =
∂θ

∂γm
=
[
∂αT

∂γm
,
∂βT

∂γm

]T

∈ R2N (14)

is the vector of partial derivatives of the bearings (4) over the
parameter γm ; γm is the mth element of the vector γ (2); and
(F )m.n is the (m,n)th element of the FIM (12). Partial deriva-

Fig. 1. Locations of compact arrays from the Ocean Network Canada (ONC)
with N = 2 arrays (symbol “X”) and hypothetical network with N = 3 arrays
(symbol “◦”) used for simulations. The simulation point positions are shown by
dots.

tives of the azimuths and elevations (14) are given as follows:

∂αn

∂α
=

1
d2

n

[
∂x

∂α
(y − yn ) − ∂y

∂α
(x − xn )

]
(15a)

∂βn

∂α
=

−1
D2

n

∂dn

∂α
(z − zn ) (15b)

∂αn

∂β
=

1
d2

n

[
∂x

∂β
(y − yn ) − ∂y

∂β
(x − xn )

]
(15c)

∂βn

∂β
=

1
D2

n

[
∂z

∂β
dn − ∂dn

∂β
(z − zn )

]
(15d)

∂αn

∂r
=

1
d2

n

[
∂x

∂r
(y − yn ) − ∂y

∂r
(x − xn )

]
(15e)

∂βn

∂r
=

1
D2

n

[
∂z

∂r
dn − ∂dn

∂r
(z − zn )

]
(15f)

where D2
n = ‖rS − rn‖2 and d2

n = (x − xn )2 + (y − yn )2 .
Partial derivatives of the coordinates {x, y, z} over the parame-
ters {α, β, r} are as follows:

∂x

∂α
= r cos α cos β,

∂y

∂α
= −r sin α cos β,

∂z

∂α
= 0 (16a)

∂x

∂β
= −r sinα sin β,

∂y

∂β
= −r cos α sin β,

∂z

∂β
= r cos β

(16b)

∂x

∂r
= sin α cos β,

∂y

∂r
= cos α cos β,

∂z

∂r
= sinβ. (16c)

We obtain representations for the FIM F (γ) by substituting
(16) into (15), (14), and (13). The closed-form representations
of the FIM F (r) in rectangular coordinates can be obtained sim-
ilarly by computing partial derivatives (15) over the parameters
{x, y, z} and substituting them into (14) and (13).
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Fig. 2. RMSE of position estimates in polar [(a), (c), and (e)] and rectangular [(b), (d), and (f)] coordinates as functions of a horizontal distance. Empirical
RMSEs obtained for the ONC network with N = 2 arrays (D1 = 43 m) and the hypothetical network with N = 3 arrays (D2 = 173 m) are displayed by
symbols “X” and “◦.” CRBs (17) are shown by solid (N = 2) and dashed (N = 3) lines.

The approximations of variances of the estimates
{α̂S , β̂S , r̂S } and {x̂S , ŷS , ẑS } can be represented as follows:

σ2
α = E

{
(α̂S − αS )2

}
≥ (CRB (γ))1,1 (17a)

σ2
β = E

{(
β̂S − βS

)2
}

≥ (CRB (γ))2,2 (17b)

σ2
r = E

{
(r̂S − rS )2

}
≥ (CRB (γ))3,3 (17c)

σ2
x = E

{
(x̂S − xS )2

}
≥ (CRB (r))1,1 (17d)

σ2
y = E

{
(ŷS − yS )2

}
≥ (CRB (r))2,2 (17e)

σ2
z = E

{
(ẑS − zS )2

}
≥ (CRB (r))3,3 . (17f)

For surface vessels and other sources with known depths,
it makes sense to evaluate the position estimation accuracy in
the horizontal plane. The variance of the horizontal position
estimate {x̂S , ŷS } is

σ2
xy = σ2

x + σ2
y . (18)

IV. TEST RESULTS

In this study, a network of two tetrahedral arrays of un-
derwater recorders was used for statistical simulations and in
situ tests. Each array consisted of four hydrophones spaced at
1.85 m and sampled by an autonomous multichannel acous-
tic recorder (AMAR, JASCO Applied Sciences) [9]. Both ar-
rays were deployed on the VENUS cabled ocean observatory
operated by Ocean Network Canada, Victoria, BC, Canada,
in the Strait of Georgia near Vancouver, BC, Canada. The
AMAR had four GeoSpectrum M-36 hydrophones sampled at
64 kHz using the AMAR’s four-channel analog-to-digital con-
verter to ensure simultaneous sampling. Combined hydrophone
sensitivity and current-to-voltage converter board sensitivity
were −165 dB re 1 V/μPa at 250 Hz. The arrays were de-
ployed at the ocean bottom at 168-m depth, and the posi-
tions of the array centers were r1 = [4.5,−21.2,−168.0]T and
r2 = [−4.5, 21.2, −168.0]T m. The aperture of this network
was D1 = ‖r2 − r1‖ = 43 m. The array positions and orien-
tations were measured during the deployment and calibrated
using surface vessels with known GPS coordinates [8], [9]. Pos-
sible errors in orientation and location of the arrays were not
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Fig. 3. RMSE of position estimates in a horizontal plane (20) as functions of
horizontal distance obtained for a network with N = 2 arrays (D1 = 43 m)
and N = 3 arrays (D2 = 173 m).

Fig. 4. Bearing estimates, GPS-based bearings, and corrected GPS-based
bearings. GPS-based bearings at the AIS time are shown by symbols “X.”

accounted for because they are negligibly small as compared to
the typical source-to-network distances.

To evaluate the influence of the number of arrays and the dis-
tance between them on the localization accuracy, in statistical
simulations, we also considered a hypothetical network consist-
ing of three arrays located on a circle with 100-m radius. The
coordinates of the arrays were r1 = [0, 100,−168.0]T , r2 =
[86.6,−50,−168.0]T , and r3 = [−86.6,−50,−168]T m. The
network aperture was D2 = maxi,j=1,...,3‖ri − rj‖ = 173 m.
The array positions of two networks considered in this paper are
shown in Fig. 1.

Fig. 5. Spatial distribution of the GPS-based coordinates of 204 vessels. The
gray level represents the number of GPS-based coordinates at 20 m × 20 m
rectangular bins.

A. Simulations

The goal of the statistical simulations was to compare the
accuracy of the ML estimators (7) and (8) with the CRB (17)
and evaluate the influence of the array geometry and the hor-
izontal distance of the source on the localization accuracy
using the data model presented in Section II. Other sources
of errors were outside the scope of this paper and can be
a topic of future research. Statistical simulations were con-
ducted for 11 source positions simulating the locations of a
source with a known depth. Simulation points had horizon-
tal ranges dS = [0, 100, 200, . . . , 1000] m from the origin the
depth zS = −5 m, and the azimuth αS = −5◦. The horizontal
range to the source is given as follows:

dS =
√

x2
S + y2

S . (19)

The positions of simulation points are shown in Fig. 1. For
each simulation point, the root-mean-square errors (RMSE) of
rectangular (1) and polar (2) coordinates were computed using
L = 1000 runs. In each run, bearing errors were simulated as
a random i.i.d. Gaussian process with zero mean and σα =
1.5◦ and σβ = 1.6◦. The values σα and σβ corresponded to
the average standard deviation of bearing estimates of vessels
obtained in [8] and [9].

The position estimation accuracy of sources with known
depth can be evaluated in a horizontal plane. For these sources,
the RMSE is given as follows:

RMSExy =

√
(L)−1

∑L

l=1
Δ2

l (20)

where Δ2
l = (x̂l − xS )2 + (ŷl − yS )2 ; x̂l and ŷl are the ML

estimates (8) or (10) obtained in the lth simulation run.
The first simulation scenario evaluated the dependence of

RMSE of the 3-D ML estimates (8) and (9) on the horizontal
distance dS (19). The simulation results are shown in Fig. 2.
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Fig. 6. RMSE of (a) azimuth and (b) range estimates of 204 vessels as a function of vessel positions.

In the second simulation scenario, RMSEs of position esti-
mates in the horizontal plane (20) as functions of horizontal
distance dS (19) were computed for two networks with N = 2
arrays and N = 3 arrays. The simulation results are shown in
Fig. 3.

The third simulation scenario evaluated the influence of prior
information about the depth of the source on the RMSE of
range and heading estimates. The plots obtained for the 2-D
MLE (10) considering the known depth zS are also shown in
Fig. 3 by symbols “+” (N = 2) and “Δ” (N = 3).

B. In Situ Tests

In situ tests were conducted using a network of two stationary
AMARs deployed at the VENUS ocean observatory [9]. We
tested the 2-D MLE (10) considering the known depth. Position
estimation accuracy was evaluated using 204 vessels traveling
near the arrays from February 18 to September 30, 2016. The
tests obtained geographic locations and speeds during the passes
of these vessels from their AIS broadcasts. The average speed of
tested vessels was from 1 to 11 m/s. In each of the nth compact
arrays, vessel azimuths and elevations were measured using
the ML TDOA-based algorithm [9] computing the azimuth and
elevation estimates as follows:{

α̂ (tnk ) , β̂ (tnk )
}

= arg min
α,β

∑
i

∑
j
(τ̂i,j (tnk )

− τi,j (α, β, d0))
2

n = 1, 2, k = 1, . . . ,K (21)

where τ̂i,j (tnk ) is the TDOA estimate between the ith and jth
recorders of the array (i = 1, . . . , 3, j = 2, . . . , 4) computed for
the time tnk , τi,j (α, β, d0) is the expected TDOA computed for
the azimuths α = 0◦, . . . , 360◦, elevation angle β = 0◦, ..., 90◦,
and range d0 (the resolution for α and β was 0.5◦ and the
value d0 = 500 m was used in this paper). Index k specifies
time instance of the kth bearing measurement. The compact
arrays were asynchronous such that t1k �= t2k . However, the
maximum time difference between the bearing measurements
(21) at different arrays was less than 1 s, |t1k − t2k | < 1 s.
The TDOAs of vessel noise were computed for consecutive

nonoverlapped data segments 1-s long, each in the 50–25 000 Hz
frequency range. Vessel positions were independently esti-
mated in the horizontal plane using the ML estimator (10)
and a grid search algorithm in the 2-D space over the parame-
ters x = [−2000 : 5 : 2000] m, y = [−2000 : 5 : 2000] m, and
z = −5 m.

The true vessel positions were computed by interpolating
the AIS-based GPS coordinates rGPS(t) for the time samples
t1k ≈ t2k , k = 1, . . . , K. We assumed that the dominant source
of vessel noise arises from propulsion systems, and that the
acoustic measurements (3) and (5) correspond to the average
bearing of these components. For large commercial vessels, the
average position of these components rP (t) can differ from
the positions broadcasted through AIS, which are derived from
GPS devices with antennas that can be mounted elsewhere on the
vessel, at rGPS(tk ). However, both the noise source and the GPS
antenna travel in the same trajectory, rP (tk ) = rGPS(tk − τP ).
The time delay τP and corresponding source position rP (tk )
were obtained from the measured bearings and the GPS-based
bearings using a least mean square algorithm as

τ̂p = arg min
τ

ρ (τ) (22)

where ρ(τ) =
∑

k (β̂1k − β(tk − τ))
2
, where β̂1k is the eleva-

tion estimate (4) of a vessels computed using the first array and
β(tk ) is the GPS-based elevation at time tk . Fig. 4 shows an
example of bearing estimates, GPS-based bearings, rGPS(tk ),
and corrected GPS-based bearings of a vessel, rGPS(tk − τ̂P ).

Fig. 5 shows the spatial distribution of all available corrected
GPS-based vessel coordinates. In this figure, the gray level rep-
resents the number of GPS-based coordinates at 20 m × 20 m
rectangular bins.

To evaluate the performance of the 2-D MLE (10), the robust
version of the RMSE (20) using the median value of square
errors

RMSExy =
√

median {Δ2
k} (23)

was computed independently for each bin with ten or more
measurements. Here, Δ2

k = (x̂k − xS )2 + (ŷk − yS )2 , where
x̂k and ŷk are the ML estimates (10) obtained at the kth time
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Fig. 7. RMSE of position estimates of 204 vessels in horizontal plane.

Fig. 8. RMSE of (a) azimuth estimates, (b) range estimates, and (c) position
estimates in horizontal plane as a function of a horizontal distance dS .

instance tk . If the error has a Gaussian distribution, then the
median square error (23) is equal to the mean square error (20),
which, in turn, matches with the variance (18) if the position
estimates are unbiased. However, the median estimate (23) is
unaffected by outliers compared to the mean square errors (20).
The robust RMSE (23) of azimuth and range estimates in the 2-D

space are shown in gray in Fig. 6, and RMSE of the source po-
sition estimates in horizontal plane are shown in gray in Fig. 7.

We also evaluated the RMSE of azimuth, range, and position
estimates in the horizontal plane as a function of a horizontal
distance dS (19). The results are shown in Fig. 8.

V. DISCUSSIONS AND CONCLUSION

The results of statistical simulations demonstrate that in the
case of Gaussian bearing errors, the RMSE of the position es-
timates (8) and (9) obtained by searching in the 3-D space can
be approximated by the CRBs. Figs 2 and 3 show that the
approximation accuracy is higher for the network consisting of
N = 3 compact arrays than for the network consisting of N = 2
compact arrays. Increasing the number of compact arrays and
the distance between them increases the position estimation
accuracy.

An important result of statistical simulations and in situ tests
is that in the case of known coordinate zS , the empirical RMSE
provided by the 2-D MLE (10) is smaller than the CRB [see
Figs. 3, 7, and 8(c)]. A similar result was obtained when esti-
mating elevation angles within the admissible range from 0◦ to
90◦ using a network of two arrays [see Fig. 2(c)]. These results
can be explained by the fact that the CRB values are unlim-
ited, whereas the known range of possible source coordinates
restricts the search area. Having prior information about the
source coordinates makes it possible to obtain “superefficient”
estimates with RMSE lower than the CRB. This is important
for shallow water applications when changes in depth of all
sources are not significant, as well as for localization of vessels
and other sources with known depth. The accuracy of localizing
sources with unknown depth in deep water, such as diving ma-
rine mammals, when all three coordinates may vary in a wide
range, should be close to the corresponding CRB (see Fig. 2).

The real localization accuracy obtained in in situ tests was
similar to the simulation results. The increase in the RMSE of
azimuth estimates in areas perpendicular to the line connecting
the arrays was observed [see Fig. 6(a)]. This is explained by the
fact that moving sources were used to evaluate the localization
accuracy. The source traveling with the speed v at the distance
ri from the ith recorder of the nth compact array has an angular
velocity of

ωi =
v sin ϑn

ri
(24)

where ϑn is the angle between the vectors of source speed and
its cross-radial component. Since moving sources have differ-
ent radial velocities at different recorders of a compact array,
they produce different Doppler shifts of sounds received by the
recorders. As follows from (24), the highest angular velocity
and azimuth rate of the source is reached near its closest point
of approach (CPA) when ϑn is close to 90°. It resulted in an in-
crease in TDOA-based azimuth estimation errors near the CPA
[see Fig. 4(a), time interval between 25 and 32 s]. Thus, high
azimuth estimation errors may occur in the areas with high an-
gular speed of the sources [see Fig. 6(a)]. However, this fact did
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not affect the accuracy of vessel position estimates in horizontal
plane [see Fig. 7 and 8(c)].

The results of this study demonstrate that using a network of
multiple stationary compact arrays can be extremely beneficial
to many applications associated with long-term passive acoustic
monitoring of vessels and marine mammals over large areas. In
addition to the standard tasks of detecting signals and classi-
fying sources, networks of compact arrays make it possible to
accurately count the number of sources [18] and estimate their
positions. The accuracy of position estimates strongly depends
on the number of compact arrays, the distance between them,
and prior information about the source coordinates available.

The results from this paper make it possible to implement
the ML localization algorithms in multiple compact arrays and
to evaluate their performance before the arrays are deployed.
However, this paper has omitted many important issues, such
as using different array processing techniques [15] to estimate
bearings of sources, the influence of bearing estimation accu-
racy on the accuracy of localization, and the possibility to use
multiple compact arrays to track sources. These issues should
be researched in the future work.
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